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PREFACE TO THE FIRST EDITION. 



The following treatise is not a mere reprint^ but 
may be regarded as a new and modified edition of my 
Elementary Treatise on Statics. The structure of the 
book has been considerably changed, and I have given up, 
in deference to the opinion of several friends, the conver- 
sational form which I adopted in my former work for 
purposes of explanation. Doubtless there were disad- 
vantages attaching to the method which I then employed^ 
but I am bound to say, tha.t in abandoning it I have felt 
that there were also advantages for the loss of which I am 
not sure that I have been able to compensate. 

No addition of any importance has been made, with the 
exception of the appendix to Chapter vn, on the Principle 
of Virtual Velocities. This appendix can be either read 
or omitted by the student at the option of his tutor. 

I have adhered to the division of the subject into 
experimental and demonstrative Mechanics; I believe 
that this mode of treatment is very advantageous, and 
that even those students who are intending to proceed to 
the higher branches of Mechanics and to higher modes of 
treatment will find considerable advantage in regarding 
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the elementary principles as in a certain sense capable of 
experimental demonstration, and in knowing mechanical 
truths not only as the results of mathematical reasoning, 
but as truths familiarly exhibited to the eye. The excel- 
lent apparatus devised by Professor Willis, and referred 
to in the note of p. 11, makes the experimental treatment 
of the subject possible and easy for every Lecture-Boom ; 
and I think that the duty of dealing vnth the science of 
Mechanics in this way, of course in subordination to a 
genuine mathematical treatment, cannot be pressed too 
strongly upon all teachers and lecturers. 



The Deanery, Ely, 
MaVt 1861. 
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INTRODUCTORY. 



1. TN the following elementary treatise it will be 
A assumed that the reader is acquainted with 

Plane Geometry as found in Euclid's Elements, with Al- 
gebra, and with Plane Trigonometry. It would be possible 
to gain some knowledge of Mechanics without having first 
studied the latter two branches of pure Mathematics, but 
it is so very much to the advantage of the student to post- 
X>one his entrance upon mixed Mathematics until he has 
become familiar with the elements of the subjects just men- 
tioned, that I shall assume him to have adopted this order 
of study. 

2. Having spoken of pure and mixed Mathematics, let 
me explain what is meant by the terms, and point out the 
distinction between these two great branches of science. 

Pure Mathematics are concerned with the conceptions 
of space and number, or space and quantity. Geometry is 
the science of space. Algebra that of number or quantity. 
Trigonometry, as usually treated, combines both space and 
quantity. All the higher branches of pure Mathematics 
involve the same conceptions, and may in fact be classed 
either as Geometrical or Algebraical, or as partly Geome- 
trical and partly Algebraical. 

Mixed Mathematics is the term used to include all 
those sciences, in which mathematical reasoning is employed 
upon iM)nceptions other than those of space and number. 
For example: Mechanics, or the science of Force ; Optics ; 
Hydrostatics; Astronomy. 

3. The superior difficulty of this latter class of sciences 
will be pevceived at once. Geometry is made to depend 

1 



2 Introductory. 

upon definitions and axioms, the meaning and the truth of 
which are easily seen. There is no difficulty in understanding 
what is meant by a triangle, a circle, a parallelogram ; the 
mind easily grants that the whole is greater .thaii its part, 
that if equals be added to equals the wholes will be equal, 
that two straight lines cannot include a space, and so on. 
The definitions and axioms of number are more simple 
still. But when we wish to reduce the science of force to 
mathematical calculation, it is not so easy to deyise de^ 
finitions and axioms upon which we can reason: what 
i8 force ] how is its effect to be measured 1 what principles 
can we lay down, as the ground upon which our reasoning 
can be conducted? 

4. It will be the purpose of the following pages to 
answer these questions; that is, to shew how mechanical 
problems, or problems involving the conception of force, can 
be reduced to mathematical reasoning. Let me introduce 
the subject by observing that the science of mechanics 
.divides itself inta two great branches. If I throw a ball 
into the air, it is a mechanical problem to find the path 
which the ball will describe, the time which will elapse be- 
fore it strikes the ground, the manner in which it will re- 
bound after striking, the path which it will describe after 
the rebound^ and so on. This would be called a dynamical 
problem^ and belongs to the more difficult branch of the 
subject. There are much easier problems: for example; 
I take a steelyard and suspend a weight from its shorter 
arm, and another weight from its longev arm, and it is a 
mechanical problem to find the proportion of the weights 
when the arms are given, or the proportion of the arms 
when the weights are given. This would be called a 
statical problem. The fundamental distinction is, that in 
the former case we have motion^ in the latter we have 
none. 

5. In the present treatise we shall be concerned only 
with the simpler branch of Mechanics, which is called 
Statics : that is, we shall be concerned with problems, in 
which the forces are so balanced one against another that 
they do not produce any motion. 

It will be observed, however, that although in those 
problems with which we shall be engaged there be no mo- 
tion, there is a tendency to motion. A book upon a tablq 
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does not move, because it is supported by the table ; but it 
has a tendency to move, and would move, if the* table were 
taken away. If I push against a heavy block of stone, I 
shall probably not move it, because the friction will be so 
great as to prevent it from moving ; but it has a tendency 
to move, and would move, if I were strong enough to move 
it. Hence we define force hy reference to motion, or 
tendency to motion; and we say that, 

Any catise which produces or tends to prodicce motion 
in a body is called force, 

6. This is the formal definition of force, and applies 
equally to Statics and Dynamics. Now let me say a few 
words upon the meaning of the term body, which occurs in 
the definition. 

We describe all things which are the objects of our 
senses, as wood, lead, water, air, &c. under the name of 
matter, and any portion of matter whether large or small 
is called a body. If the body be inconceivably small it is 
called a particle, and a body may be regarded as made up 
of particles. Every particle is a body, but all bodies are 
not necessarily particles. In all cases in which we speak 
of the action of a force, it is necessary to suppose the exist- 
ence of a body upon which the action takes place. 

7. The next point for our consideration is the method 
of measuring a force. In statics, as I have said, forces do 
not produce motion, but counteract the effect of each other 
so as just not to produce motion. We shall not be able 
therefore in statics to measure a force by any reference to 
the motion which it will produce in a given body ; we must 
measure it by comparing it with some known or standard 
force. Nothing can be more convenient for this purpose 
than a given weight. Take for instance a weight of 1 lb. : if 
a force will just lift this weight, the force may properly be 
described as a force of 1 lb. If it will just lift two such 
weights fastened together, it may be described as a force 
of 2 lbs. : and so on. 

And generally, if a force is just capable of lifting a 
weight of Plbs., it is called a force of Plbs., or more 
shortly, a force P ; and a force just capable of lifting a 
weight of Q lbs. is called a force Q. Whenever therefore in 
this treatise on Statics, the reader -finds a force denoted 
by a letter of the alphabet, as P, Q, R, &c., he will under- 

1—2 



4 Introductory. 

stand that these letters represent numbers, and that the 
numbers are the numbers of pounds which the forces 
are respectively capable of just lifting. 

8. He will understand also that it is for convenience, 
and not of necessity, that reference is made to weight, as a 
standard by which to measure force. Instead of laking as 
the unit of force that force which will just lift a weight of 
1 lb., we might take the force which would just break a 
given beam, or just bend a given spring, but it is manifest 
that this would not be so convenient a method. 

9. In order to describe a force something else must be 
given beside the number of pounds which it will just lift. 
Two horses of equal strength move a carriage because they 
are harnessed in such manner as to pull in parallel di- 
rections; if they were harnessed on opposite sides of the 
carriage, so as to pull in opposite ways, the carriage would 
not move ; and yet they might be exerting precisely the same 
amount of force as before. Hence to know the real eftect 
of a force, we must know not only its magnitude^ but also 
its direction; not only the intensity with which it pulls, 
but the direction in which it tends to make the particle on 
which it acts move, and in which the particle would begin 
to move if not hindered. 

And not only must we know the magnitude and direction 
of a force, in order to know its real effect, but it is easy to 
satisfy ourselves that there is nothing dse connected with a 
force that we can know. If we know the magnitude and 
direction, then we know the force completely. 

10. Hence a very convenient mode of -representing 
forces suggests itself, which will be used continually through- 
out this treatise. 

In order to determine or describe a finite straight line, 
it is necessary that we should know concerning it just these 
two things and no more, which have been described as neces- 
sary in the case of a force. We must know the magnitude 
of the straight line and its direction, and we then know 
everything. It is clear therefore that we may take a finite 
straight line to represent a force : the direction in which 
the straight line is drawn will shew the direction of the 
force, and with regard to its magnitude it will only be 
necessary to agree that a certain length of line shall repre- 
sent a certain amount of force ; as for instance, that 1 inch 
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shall stand for 1 lb. ; and then by measuring the line i^e 
shall know how many pounds it is intended to represent 

11. This method of representing forces, which is of in- 
finite use in mechanics, is called representing forces geo- 
metrically. I will endeavour to describe it more precisely. 

Let AB represent in magnitude and 

direction a certain force P. Then JP A B 

stands for P lbs., and if we agree to re- 
present a pound by an inch, AB must contain P inches. 
Moreover the position of AB on the paper represents P's 
direction, or (as it is sometimes called) the line qfYa action. 
There is nothing however in this representation to shew 
whether the force is acting from A towards B, or from B 
towards A. This deficiency in the representation may be 
supplied by the introduction of an arrow- 
head, as in the annexed figure, in which T ^ 

the force is supposed to act upon a particle 
at Aj and to tend to make it move from left to right across 
the paper. Sometimes the symbol which denotes the mag- 
nitude of the force is also introduced; 

thus the annexed figure would represent ^ ^^ 

a force P, tending to make the particle 

at A move in the direction of the arrow-head. 

12. This method may be further applied to represent 
two or more forces acting upon the same partide! Thus 
the particle A may be under the action 
of two forces P and Q, acting in different 
directions, and we should represent this 
state of things by such a figure as is here 
given. And so on for anjr number of 
forces. 

13. The representation here given of two forces acting 
on the same particle introduces us to that which is the 
fundamental problem of Statics. It is manifest that two 
forces acting on a particle as in the last figure cannot pos- 
sibly counteract each other, cannot produce equilibrium. 
Motion would ensue ; and such motion cannot be prevented, 
except by the action of some third force. Of course two 
equal forces, if they act in oppq^ite directions, can keep a 
particle at rest, or in equilibrium ; but in no other case is 
this possible; in general there must be three forces at 
least, in order that a particle may be kept by their united 
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action in equilibrium. Then suppose we have two forces 
P and Q acting upon* a 
particle A, and suppose 
that the particle would 
begin to move in the direc- 
tion AX \ produce AX 
backwards to N^ and suppose AN to be a string made fast 
at N\ then it is evident that the particle cannot move at 
all ; and therefore it will be possible to find a force R, which 
acting in the direction AN will counteract the combined 
effect of the forces P and Q, Thus it is clear that three 
forces may be found to keep a particle at rest ; and that if 
two forces be given, a third may always be foun'd which shall 
counteract the effect of the other two. The discovery of 
the magnitude and direction of this third force, which will 
counteract the effect of two given forces, is the fundamental 
l^roblem in Statics. 

14. There are two methods of solving this problem. 
The one by reference to experiment ; the other by mathe- 
matical demonstration depending upon axioms after the 
manner of geometry. This latter is the true scientific 
method ; but there is considerable advantage to be derived 
from treating the subject in the first instance experi- 
mentally ; the reader will find himself familiarized by the 
experimental treatment with the new conceptions belonging 
to the subject, before he has to deal with those conceptions 
in their more abstract form ; he will know in fact distinctly 
what it is that he is required to prove mathematically, be- 
fore he is called to the effort of following and understanding 
the proof. 

16. I say the reader; but I cannot refrain from taking 
this opportunity of reminding the student, that he will find 
writing a much more effective mode of study than reading. 
Let him write out from the book several times any diflScult 
proposition, and he will find that he has gained more know- 
ledge of the proposition than he could have gained in a 
much longer time spent in merely reading it. The method 
of writing, which appears slow and laborious, is in reality to 
all, except a very few, an important economy of time and 
trouble. 

16. The next two Chapters deal with statical principles 
treated experimentally. . 



CHAPTER 11. 

EXPERIMENTAL MECHANICS. COMPOSITION AND 
BESOLUTION OF FORCES WHICH ACT AT ONE 
POINT, OR ON THE SAME PARTICLE. 



1. nnHE simplest case of forces acting at the same 
X time upon the same particle, is that of two 

forces acting in such a manner as to keep it at rest. 

It is evident that a particle under the action of two 
forces cannot be at rest unless the two forces be exactly 
equal in magnitude and opposite in direction. Let us de- 
note by P and Q two forces acting upon a particle in 
opposite directions, then for equilibrium we must have 

P=Q 0), 

orP-e=0 (2). 

2. If the forces P and Q be not equal, the greater will 
preponderate; and the particle will be under exactly the 
same circumstances as if it were acted upon by the excess 
of the greater over the smaller force. For instance, if a 
particle be acted upon by a force of 6 lbs., tending to draw 
it from left to right across the leaf of this book, and by a 
force of 3 lbs., tending to draw it from right to left, the 
particle will be under exactly the same circumstances as if 
it were acted upon by a force of 2 lbs., tending to draw it 
from left to right. In this case the force of 2 lbs. is said to 
be the resultant of the two opposite forces 5 lbs. and 3 lbs. 
More generally, if the two forces P and Q act in opposite 
directions, and P be the greater, P-Q will be the result- 
ant of P and Q, and will tend in the same direction as P. 
The resultant of these two forces may be denoted by 22, and 
we shall then have 

P^Q=R (3). 
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It is evident that if P act upon the particle and tend to 
draw it in one direction, and Q together with R tend to 
draw it in the opposite direction, the particle will be at 
rest. 

If P and Q tend to draw the particle in the same di- 
rection, and we call E their resultant, we shall have in like 
manner 

P + Q = B (4). 

And generally, if a particle be acted upon by any num- 
ber of forces Pi Pj Pg... tending to draw it in one di- 
rection, and by any number d O2 O3 ••• tending to draw it 
in the opposite direction, and we call E the resultant, we 
shall have 

Pi + P2 + P3 + ... -61-62-65-... = ^ (5). 

3. It is frequently convenient to use a symbol for a 
force, which shall indicate not only the magnitude of the 
force, but also the direction in which it acts. Now in Trigo- 
nometry we make use of the signs + and — to indicate the 
directions in which straight lines are drawn, and very great 
adyantage is derived therefrom. If 

we take a fixed point A, and draw a jf J B 

straight line AB oi length a in a 
given direction, and then draw a straight line AB' of the 
same length (a) in the exactly opposite direction, we dis- 
tinguish AB from AB' by calling AB + a, and AB' — a. 
It is quite unnecessary to explain to any person, who is 
acquainted with Trigonometry, the remarkable simplicity 
and generality which is given to formulae by this method. 
Suppose then we adopt a similar convention respecting 
forces ; that is, if -4 be a particle acted upon by a force P 
tending to move it from A towards By let us denote the 
force by + P, and then we can denote by — P an equal 
force tending to move the particle from A towards B\ 

4. We can by this convention enunciate, in a very neat 
and simple form, a proposition which expresses the rule for 
finding the resultant of any number of forces, acting upon 
a particle along the same straight line, but some tending to 
move it in one direction along the straight line, and others 
to move it in the exactly opposite direction ; for we may 
say that 
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7%e resultant of any number qf forces hating tfie 
same line qf action is the algebraical sum of the forces. 

Or if we denote by P^P^P^... any number of forces 
acting in the same line, and by B their resultant, and if 
PiP^P^ ... represent positive or n^;atiYe quantities as 
the case may be, we shall have 

Pi + P, + P3+ ... =B (6). 

5. We may further make use of the convention con- 
cerning positive and negative forces to enunciate the 
general condition of equilibrium of any number of forces 
acting upon a particle and having the same lino of action; 
for we may say, that under such circumstances the particle 
will he at rest if the algebraical sum of the forces be zero. 

6. The term resultant, which we have used in this 
very simple case, is one of much more general application. 
Whatever forces may act on a particle and in whatever 
directions, they will be equivalent to one single force ; for 
if they be not such as to keep the particle at rest, or to 
produce equilibrium, the particle will begin to move in a 
certain direction, and it can be prevented from moving by 
a single force acting upon it in the exactly opposite direc- 
tion ; call the force which is just sufficient for this purpose 
li, then i2 is in equilibrium with the whole system of forces ; 
but so it would be with a force B applied in the direction 
in which the particle would begin to -move; consequently 
the whole system of forces is equivalent to one single force 
B, acting in that direction in which the particle would 
begin to move. And B is therefore termed the resultant 
of the system of forces. 

7. The general problem of Statics may be said to be, 
to find the resultant of any system of forces. The problem 
is much simpHfied by supposing the lines of action of all 
the forces to lie in the same plane, which for clearness of 
conception we will suppose to be the plane of the paper ; 
and to this limited case we shall confine ourselves. It will 
be found, however, that notwithstanding this Hmitation the 
results at which we shall arrive will be applicable to a very 
lai^e cla^s of interesting questions. Our first step must be 
to solve this problem : Given the magnitude and direction 
of two forces (P and Q) which act upon a particle, to deter- 
mine their resultant (i2). Or, which is the same thing, 
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Given that three forces acting in the same plane upon a 
particle keep it at rest, to find the relations which subsist 
amongst the magnitudes and directions of the three 
forces. 

8. Now in considering the case in which a particle was 
acted upon by forces having the same line of action, we 
were able at once to deduce our results by reference to the 
simplest principles: but the problem with which we are 
now concerned does not admit of so easy a solution. There 
are (as I have already observed in the preceding chapter) 
two modes of solving it ; we may either have recourse to 
experiment, or we may demonstrate it mathematically by 
means of certain axioms concerning force. At present we 
shall be concerned with the former method. 

9. We might commence with some experiments for the 
purpose of determining the relations, which the resultant 
of two forces given in magnitude and direction will bear to 
the forces themselves ; but it will be more simple to enun- 
ciate the result at which mathematicians have arrived, in 
the form of a theorem, and then shew how the theorem 
may be experimentally verified. This theorem is usually 
called the Parallelogram qf Forces, and may be enunciated 
as follows : 

1/ two forces acting upon a particle be represented in 
inagnitude and direction by two straight lines drawn 
from the particle, th^en the diagonal qf the parallelogram 
described upon these two straight lines will represent the 
residtant in magnitude and also in direction. 

Suppose, for instance, that A is the particle, and let it 
be acted upon by a force represented in magnitude and 
direction by AB, and by another »' 
force represented in magnitude 
and direction by -<4C; complete 
the parallelogram ACDB ; then 
the resultant force will act in the 
direction A D, and will be repre- 
sented by ^Z> in magnitude. So 

that if we produce AD backwards to ly, and make Aiy 
equal to ^Z>, then AB, AC, AU, will represent three 
forces in equilibrium upon the particle A. 

10. We shall now explain a method of proving by ex- 
periment the truth of this theorem. 
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Let A and B be two small wheels turning upon hori- 
zontal pivots inserted into a ver- 
tical board. The wheels must be 
carefully constructed, so as to 
avoid friction as much as possible. 
Let Py Q, M he three weights 
attached to the extremities of 
three silk cords, the other extre- 
mities of which are all knotted 
together in one point C*. 

Now let the cords supporting two of the weights, as P 
and Q, be made to rest upon the wheels A and B, as in 
the figure, and let the weight B hang from the point C. 
Then it will not be diflScult to arrange the system in such 
a manner that it shall rest as represented in the figure ; we 
have therefore the point C kept at rest by three forces 
acting in the direction of the three cords. 

And these three forces will be measured by the three 
weights PyQyB: for the effect of the wheels A and B is 
(neglecting any effect arising from friction) merely to 
change the direction of the strings ; that is, the force which 
must be applied at C in the direction AC in order to sup- 
j)ort the weight P must be a force whose measure is P. 
The point C is therefore kept at rest by three forces P, Q, 
B acting in the directions of the three cords, which support 
the weights P, Q, and B respectively. 

Along CA measure a line Cp containing as many inches 
as there are ounces in the weight P ; and along CB a line 
Cq containing as many inches as there are ounces in Q ; 
complete the parallelogram Cprq ; and join O. Then it 
will be found that Cr is sensibly in the direction of BC 
produced, that is, vertical ; and if O be measured, it will 
be found to contain as many inches as there are ounces in 
the weight B, 

By tiiese means, therefore, the Parallelogram of Forces 
can be proved, so far as such a proposition can be proved 
experimentally: the more accurately the experiments are 
made, and the more they are varied in their circumstances, 

* For Uiis and for all other experimental {llnstrations of Statical prin- 
ciples I wonld recommend the apiMiratus devised by Professor Willis, and 
which may be obtained from Messrs Elliott^ Brothers, Strand* London; or 
from Messrs Rigg, of Chester. 
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80 much the more certain will they render the truth of the 
proposition. 

11. Let us now take a few illustrative examples. 

Ex. 1. Suppose 7^=3 lbs., and Q=41b8., and the angle be- 
tween them to be a right angle. Then it will be Been that the 
lines representing P, Q, and R form a right-angled triangle^ and 
therefore by Euclid i. 47, 

i2a=p3+QS=9 + 16=25, 
.*. i2=5. 
The angle which R makes with P is that whose cosine is | or 
•6, which will be found to be 63« 52' 11" nearly. 

Ex. 2. Two forces act on a particle, the angle between their 
directions being 60^; to find the magnitude of their resultant. 

Let P and Q represent the forces ; R the resultant ; then in 
the figure of page 10, 

AB=^P, £D=Q, AD=R, ABD=1S0^-£AC=120'^; 
. •. R^=P^ + Q^- 2PQ cos 1200 

= i>2+Q2 + PQ, since cos 120® =■• -^. 

Ex. 3. Suppose in the preceding example P=21bs., Q=8]b8. 
.-. i2«=4 + 9 + 6 = 19; 

.-. i2=>/l9 = 4-3589 lbs. 
Ex. 4. To find the direction of R in the preceding example, 

sin BAD=^^ BinABD='-^8m 120«=.^^=?., 
^J> \/l9 2V19 

.-. ^.42>=36«36'12", 
as will be found by help of a logarithmic table of sines. 

12. When by means of the parallelogram of forces we 
find a single force which is equivalent to two others, we are 
said to compound those forces. And the parallelogram of 
forces may be described oa the rule for the composition qf 
forces. 

Conversely we can by tiie same proposition find two 
forces, which shall be equivalent to any one given force ; 
when we do this, we are said to resolve the force into two 
others, or into two components; so that the parallelogram 
of forces is sometimes spoken of as the rule for the compo^ 
sUion and resolution qf forces. 

If two component forces be given in magnitude and 
direction, it is a determinate problem to find the magnitude 
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and direction of their resultant ; but if the magnitude and 
direction of one force be given, it is not a determinate 
problem to find the two components of which it is the re- 
sultant, since there are an infinite number of pairs of forces, 
from the composition of which the given force may be con- 
ceived to have resulted. If, however, it be required to 
find two components in given directions from which a given 
force shall result, the problem can be solved. Thus let 
AB represent the given force in magnitude 
and direction ; AX, A Y the given direc- 
tions of the components. Draw BC, BD 
parallel to AY, AX respectively; then 

AC, AD will represent the magnitudes of ^ 

the two components required. AC X 

Or, again, if one of the components be given in magni- 
tude and direction, the other can be found. Thus, let AB 
be a given force as before, and let AC he one of its com- 
ponents ; join BC, and complete the parallelogram ADBC, 
then AD will be the other component. 

Ex. 1. A force of 6 lbs. is the resultant of two forces, with 
the direction of which it makes respectively angles of 30® and 45® : 
required the magnitude of each component. 

deferring to the preceding figure we shall have 

^B=6, BAC=Z(i\ ABC=BAD=45'>; 

.'. il (7= 6 X ^4^ =4-3923 lbs. 
sm 70" 

^i)=5C= 6®^^^= 3-1058 lbs. 
sm 7o" 

Ex. 2. Let the resultant be 10 Ihs., and let one of the com- 
ponents be 7 lbs., and make with the resultant an angle of 60®, to 
find the other component. 

Kef erring to the same figure, we have in the triangle ABO 

AC^IO, AC=7, BAC=60^, to find ^C; 
.-. J5C« = 10« + 7"-2xlOx7cos60® 
= 149 - 70, since cos 60®'= i 
= 79; 

.-.jBa=>/79 = 8-8882 lbs. 

13. It will further appear that the parallelogram of 
forces enables us to find the resultant of any number of 
forces which act upon a single particle. For we have only 
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to take two, and find their resultant by the rule ; then we 
can compound this resultant with the third ; the next re- 
sultant with the fourth ; and so on for any number. 

To represent this geometrically ; let AB, AC^ AD, AE, 
represent any forces acting on 
the particle A, Complete the 
parallelogram ABB^C, 2JX&AB^ 
will represent the resultant of 
AB and AC, Complete the pa- 
rallelogram ABiB^D, and AB^ 
will represent the resultant of 
ABi and AD, that is, of AB, 
AC&ndAD. Lastly, complete 
the parallelogram AB^B^E, and AB^ will represent the 
resultant of AB^ and AE, that is, of AB, AG, AD and AE, 

It is evident that this process applies equally well, 
whether the lines of action of the forces be all in the same 
plane or not. 

We might, by means of the process here described, 
actually calculate the magnitude and direction of the re- 
sultant of any number of forces acting at one point ; the 
method however would not be convenient, and we shall 
hereafter explain a process for finding the resultant, the 
same in principle, but much more easy of application. 

14. It has been observed, that a force may be resolved 
into two others in an infinite number of ways; there is, 
however, one mode of resolution which deserves particular 
attention. I refer to the case in which a force is resolved 
into two components in directions perpendicular to each 
other. Let AB represent the given force ; and AX, A Y 
two directions at right angles to each y 
other. From B let fall the perpendi- 
culars BC, BD on AX, AY respec- 
tively ; then since ACBD is a paral- 
lelogram, AG, AD represent the 
components of the force in the direc- 
tions AX and A Y, Denote the angle 
BAG by 6 ; and let B be the original force, X and Y its 
two components. Then since 

AG=AB cos 6, and AD=ABBin$, 
we have X=Bco6 0, and Y=Bsind. 
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Now the peculiarity of this case consists in this, tliat no 
Jirce has any tendency to produce motiouy in other words, 
it has no effect, in the direction perpendicular to its own. 
This 18 evident from the very nature of force ; but the 
truth of it is seen at once &om such a consideration as this, 
that a body placed upon a horizontal table will be at rest, 
however smooth the table may be. The body is acted upon 
by a force, namely, its own weight ; but this tends to draw 
it downwards, and the table, being horizontal, will not 
admit of any motion downwards ; consequently the body 
does not move at all. The pressure downwards is counter- 
acted by the upward pressure of the table, and these two 
are exactly equal and opposite. The effect of the body s 
weight therefore is to produce a pressure upon the table, 
which is measured by,the weight ; but it has no tendency 
to produce motion upon the table^ that is, there is no 
component in the direction parallel to the surface of the 
table, or perpendicular to the direction in which the weight 
acts. 

The same thing may be seen as follows. Let C7 be a 
ball having a string attached to it, and ^ 

let ^^ be a smooth plane having in it a 



i) 



rectilinear slit through which the string 

can pass. Then let a force P act at the 

extremity of the string ; if the string be 

exactly perpendicular to the plane, it is 

obvious that there will be no motion; "*' 

but if otherwise, the ball will move along the plane in the 

direction of the slit If the string be perpendicular to the 

plane, the force P will produce a pressure P upon the 

plane, and will have no component parallel to the plane or 

perpendicular to the string. 

Suppose however that the direction of the string is not 
perpendicular to the plane ; then 
motion may be prevented by a 
force acting along the plane ; what 
will be the magnitude of this force ? 
The preceding investigation will ^ 

enable us to determine this. For let be the acute angle 
which the direction of the string makes with the plane ; 
then P may be resolved into two components, P cos d 
parallel to tiie plane, and P sin ^ perpendicular to it ; let 
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X be the force which would prevent the ball from mormg ; 
then it \& evident that we must have 

X=PC08^. 

And the component P sin 6 will produce a pressure 
upon the plane, having P sin 6 for its measure. 

The component P cos may be termed the resolved 
part of P parallel to the plane ; and the preceding expla- 
nation will enable us to form a very distinct notion of what 
is meant by the resolved part of a force in any given di- 
rection ; for it is measured by the force which is necessary 
to prevent the given force from producing motion in that 
direction. And we have this general rule, of which it is 
impossible to overestimate the importance, To find the 
resolved part qf a force in any given direction, multiply 
the expression /or the force by the cosine of the angle he- 
tween the given direction and that of the given force. 

Suppose, for instance, that in the preceding figure, 
P = 4lbs., and ^=60®; then the resolved part of P along 
the plane, that is, the force necessary to prevent motion 
along the plane=4x cos 60^=2 lbs. And thb pressure 
upon the plaiie 

= 4 sin 60=2 Vs lbs. 

Again, suppose a horse is drawing a weight up a hill ; 
and for distinctness let the weight be 1 ton, and let the 
inclination of the road to the horizon be 4^ ; then the re- 
solved part of the weight parallel to the road will be 
1 X sin 4^, or 156*25 lbs.; and if we neglect the resistance to 
motion arising from the roughness of the road, this will be 
the measure of the effort which must be made by the horse 
in order just to drag the load. Practically this resistance 
may by no means be omitted ; it is called/nc^ion, and will 
be considered hereafter ; but theoretically, that is, suppos- 
ing the road to be perfectly smooth, the horse would have 
to exert such a force as would just lift 156*25 lbs. And 
the resolved part of the weight perpendicular to, and there- 
fore supported by, the plane will be 

1 ton X cos 4*, or 2234*5 lbs. 

15. We shall return to the subject of the Composition 
and Resolution of Forces, when we have demonstrated the 
Parallelogram of Forces independently of experiment. 
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EXAMINATION UPON CHAPTER IL 

1. Define jhrcey and explain how force is measured in Statics. 

2. Distinguish between Statics and Dynamica, 

3. Explain the method of representing forces by straight 
lines. 

4. Enunciate the parallelogram of forces, and shew how it 
may be proved experimentally. 

5. Two equal forces act upon a point, and the angle between 
their directions is 60^ ; find the magnitude and direction of the 
resultant. 

6. A particle in the centre of an equilateral triangle is^ urged 
towards two of the angular points by forces each equal to 3 lbs. ; 
find the force whicli must tend to the third angular point in 
order that the particle may be at rest. 

7. A particle is acted upon by a horizontal force of 8 lbs. 
and a vertical force of 4 lbs.; find the direction and magnitude 
of the resultant force. « 

8. If two forces act at right angles to each other, they and 
their resultant are proportioual to the sides of a right-angled 
triangle. 

9. Three forces measured by 8, 4, and 5 pounds respectively 
keep a particle in equilibrium; determine the angles at which 
they act. 

10. The resultant of two forces acting at right angles to each 
other is double the smaller of the two ; find its direction. 

11. The resolved part of a force in any direction is found by 
multiplying the expression for the force by the cosine of the angle 
between the direction of the force and the given direction. 

12. A weight of 11 2 lbs. rests upon an inclined plane making 
an angle of 80^ with the horison : what is the resolved part of 
the weight in the direction of the plane ? and what the resolved 
part perpendicular to it ? 

18. Is it possible for three forces in the proportion of 3, 7, 
and 11, to be in equilibrium when acting upon a point ? 

14. Three forces act at a point, and their directions make 
angles of 120^ with each other: shew that the three forces are 

equaL 

15. The resultant of two forces which act at right angles to 
each other is 1 cwt. ; and the direction of the resultant divides 
the right angle in two of 18^ and 72" respectively: find the com- 
ponents in lbs. 

2 
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16. If two forces P and Q acting upon a particle have a 
resultant B, and 6 be the angle between the directions of P and 
Q, then 

JP=/»+Q« + 2PQcos^. 

17. Three forces of 2 lbs. 7 lbs. and 8 lbs. are in equilibrium ; 
find the angle between the directions of each two of the forces. 

18. The square of the line representing the resultant 6t two 
forces is greater or less than the sum of the squares of the lines 
representing the components, according as the angle between the 
components is acute or obtuse. 

19. The magnitude of two forces being 25 lbs. and 86 lbs., 
and the angle between their directions 729 ; find the magnitude 
and direction of the resultant. 

20. The angle between two forces is 60^, and the resultant 
divides the angle in the ratio of 1 : 3 ; find the ratio of the com- 
ponents. 

21. If Pi Qt R be three forces which produce equilibrium 
upon a point, and if (PQ) denote the angle between the directions 
of P and Q, then 

P \ Q \ R V. sin (Q/2) : sin {RP) : sin (PQ), 

22. Three forces acting at a point are in equilibrium, their 
directions making with each other the angles 60^, 135^, and 165^ 
respectively ; find the ratios of the forces. 

23. If two forces acting on a particle be in the ratio of 3 : 4, 
find the angle between their directions when the resultant is a 
mean proportional between them. 

24. The resultant of two forces cannot be an arithmetical 
mean between them, if one of the forces be more than three times 
as great as the other. 

25. If three forces be in equilibrium, any two must be to- 
gether greater than the third. 



CHAPTER III. 

EXPERIMENTAL MECHANICS. THE PRINCIPLE OIT 

THE LEVER. 



1. TN the preceding chapter we have treated of the 
J- Composition and Resolution of Forces which act 
all at one point, or of the conditions under which a single 
particle can remain at rest when two or more forces are 
acting upon it. We shall now take the case of a body of 
any magnitude, which is acted upon by various forces, and 
shall endeavour to discover, by experiment, the conditions 
which must be satisfied in order that a body of this kind 
may be in equilibrium. But the problem in tliis form would 
be too complicated ; and we shall therefore take a simple 
case, from which afterwards it will not be difiicult to pass 
to the more general. 

Our first simplification shall be this: instead of con- 
sidering the conditions of equilibrium of a body of any form, 
we will take the simplest form of body possible, that is, a 
straight rod, which, however, we shall suppose to be so 
strong as not to bend under the action of any forces applied 
to it. 

Our second simplification shall be as follows: instead 
of considering the case of any forces whatever acting upon 
this stiff or rigid rod, we will suppose it to be acted upon 
by only threef and we will suppose the lines of action of 
these forces to lie all in one plane. 

The system may then be represented as in the figure; 
AB is the rod; P, Q, R are three -^^ 

forces, whose directions lie in the A 

plane of the paper, acting at three A I B 

points A, B, and (7 respectively; the 
problem is to determine under what 
conditions the rod AB will be at ^ ^ 

rest. 
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There is yet one further simplification which we can 
make; and this consists in supposing the three forces P, Q, 
iZ to be parallel in direction, and that 
direction perpendicular to AB ; and the 
system will then be represented by the 
figure ; in which it will be observed, that 
we have represented one of the forces 
acting in a direction diametrically oppo- 
site to that of the other two, as must evi- 
dently be the case, since equilibrium could not subsist if the 
forces all tended in the same direction. 

2. The problem is now in a form convenient for expe- 
riment* ; let a rod ^^ be suspended by 
a string, one extremity of which is at- 
tached to the middle point C of the rod, 
and the other to some fixed point of 
support D ; now let any given weighty 
as a weight of 1 lb., for instance, be sus- 
pended by a string from the extremity 
A, and let some larger weight be at- 
tached to another string which by means of a ring, or other- 
wise, is capable of being suspended from any point of the 
arm BC\ then it will be found that if this second weight be 
suspended from the extremity By B will descend until the 
three strings and the rod are all vertical, and by making the 
point of suspension more and more near to (7, we shall come 
at last to a point from which, if the larger weight be sus- 
pended, the rod if placed in a horizontal position will re- 
main so. 

For ibstance, if the larger weight be 2 lbs., it will be 
found that the point E, from which it must be suspended, 
is half-way between B and C\ and in general, CE will be 
the same frax^on of BCor AG that the smaller weight is 
of the larger; so that if we have two weights P and Q 
hanging by strings from two points A and E^ and if 
CA=py and CE^q, we shall have 

P ' Q .: q \ p\ 
or, P.p=:Q.q. 
If we call the product of the weight P and the perpen- 

* See Note at the foot of page 11. 
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dicular upon its string from C the moment of P about (7, 
then we may express the above relation by saying that the 
moments qf P and Q about C are equal, 

3. It ¥riill be found that if this con- ^ , 

dition between the two weights and the 
distances of their points of suspension 
from G be satisfied, the system will re- 
main at rest when C is not horizontal ; 
in this case if we drop the perpendiculars 
CFy CG from C upon the strings sup- 
porting P and Q respectively, we have 
by similar triangles * J? Q, 

CF : CA :: CG : CE; 
:. PxCF=QxCG, 

or the moments of P and Q about C are still equal 

4. In this experimental investigation we have hitherto 
spoken only of the two weights suspended from A and F: 
the third force acting on the rod is the force exerted by the 
string C£>; and what will be the magnitude of this force? 
It will evidently be measured by the weight which it sup- 
ports, i.e. the two weights P and Q and the weight of the 
rod; if we omit the weight of the rod, then the force 
exerted by the string CD, or its tension (as it is usually 
called), will be upwards, and will be equal to P + Q. 

6. In considering the problem theoretically it is con- 
venient to conceive of the rod ^^ as having no weight, in 
order that we may confine our minds to the two downward 
forces P and Q, and the upward tension of the string 
P-hQ, but practically of course AB has weight, though it 
may be very small; it was in order to avoid the efiect of 
this weight that we directed the rod to be suspended by its 
middle point C, for if this be done it is clear that the ex- 
tremity A will have no more tendency to descend than the 
extremity B, and therefore the weights P and Q twist the 
rod precisely as they would if it had actually no weight 

6. The weights P and Q, which we have been con- 
sidering, exert forces upon the rod AB in the directions of 
the strings by which they are suspended ; now it is easy to 
prove by observation that these strings are parallel, at least 
that they are sensibly parallel ; also the string by which AB 
is supported exerts a force in its own direction, which is 
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parallel to that of the other two strings ; 
hence the preceding experimental inves- 
tigation teaches us the conditions, under 
which three parallel forces can be in 
equilibrium, when acting upon a straight 
rod. Let P, Q, R be the forces acting 
upon the rod ABj as in the figure, at the ' ** 
points Af Bf and C respectively ; then we must have 

P+Q=R (1), 

mdPxAC=^xBG. (2). 

7. The latter of these two conditions may be put under 

another form; for if we write B — Q instead of P in (2), 

we have 

(R^Q)AC=QxBC, 

or RxAG=Q(AC+BC) = QxAB; 

I. e. the 7nomenfs of R and Q about A are equal. 

In like manner it may be shewn, that the moments of P 
and R about B are equal 

8. And still more generally if we R 
produce ^^ to any point Z>, we have A 

B D 



PxAD+QxBD 

= Px{AC+CI>) 

■¥Qx{CD-BG) ^ i 

={P + Q)CD^PxAC-QxBG 

= BxCDhy (1) and (2), (Art. 6). 

i.e. the moment of R about 2> is equal to the sum of the 
moments of P and Q about the same point. Now it is evi- 
dent from inspection, that if we conceive AD to be a rod 
capable of twisting about one extremity 2>, and acted upon 
by three forces P, Q, and R, as in the figure, then P and 
Q tend to twist it one way and R tends to twist it in the 
other ; hence we may say, that there will be equilibrium if 
the moment of the force which tend^ to twist the rod in 
one direction be equal to the moments of those tending to 
twist it in the other. 

9. In the preceding Articles we have been dealing with 
a new kind of quantity, namely, the moment of a force 
about a given point, and the nature of this new kind of 
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quantity requires perhaps some further explanation. The 
moment of a force alxmt a given point is defined to be the 
product of the force (or the weight which measures it) and 
the perpendicular upon the direction of the force from the 
given point. But what is the meaning of the product of a 
force and the perpendicular upon it 1 how can 9k force and a 
line be multiplied together ? 

There is no difficulty in answering these questions, if it 
be remembered that what we really multiply together are the 
abstract numbers, which denote the force and the line re- 
spectively according to a conventional method of representing 
forces and lines. Thus, 3 denoting a force may stand for 
3 lbs., and 3 denoting a line may stand for 3 feet, and if we 
multiply together 3 which stands for 3 lbs. and 3 which 
stands for 3 feet, we shall obtain the number 9, which will 
stand neither for pounds nor feet, but for something else 
which we have agreed to denote by the term moment. That 
there is need of such a term is manifest, for we have seen 
that when a weight is suspended as in Art. 2, its effect in 
supporting another weight suspended from some point on 
the opposite side of G does not depend merely upon its own 
magnitude, nor merely upon the distance of its point of sus- 
pension from (7, but upon the two jointly ; this effect then, 
which requires to be denoted in some way, we call the 
moment of the weight about C. And we reduce moments 
to a unit of measurement precisely upon the same principle 
as forces, lines, areas, &c. are reduced to units of measure- 
ment. Suppose we take as the unit of moment the moment 
of a weight of 1 lb. acting upon an arm of 1 foot ; in other 
words, in the figure of Art 2, let AC = I foot; then the 
moments of other weights will be properly measured by the 
product of the number representing the weight and the 
number representing the length of the arm upon which the 
weight acts. 

10. We may express the condition given in Art. 8 
still more conveniently, by introducing the use of the signs 
plus and minus to indicate the tendency of forces to twist 
the rod in opposite directions. 

For if we call the moments of those forces which tend to 
twist the rod in one direction positive, and those which tend 
to twist it in the opposite direction negative, then it will be 
seen that the condition referred to may be expressed by 
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saying, that ths algdn'dieal sum of the mamenif cf the three 
forces abotU any point in the direction of the rod is zero, 

11. And it may be remarked, that in like manner^the 
condition (1), (Art. 6), may be expressed by saying, that the 
algebraical sum of the three forces is zero. 

Hence the complete statement of the conditions of 
equilibrium of three parallel forces acting upon a rod will 
be as follows, 

the algebraical sum of the forces >=0 (1), 

the algebraical sum of the moments 

of the forces about any point =0 (2). 

12. It may be observed that the experimental method 
of proof used in this chapter might be applied to investigate 
the condition of equilibrium, when two forces act upon a 
rod of which one point is fixed but not in directions perpen- 
dicular to the rod, as hitherto supposed. 

For let -45 be a rod 
moveable about a hori- 
zontal pivot through its 
middle point C', £, F 
two small wheels turning 
freely about their cen- 
tres ; and let two silk 
cords, attached to the 
rod at two points A and 
/>, pass over E and F 
and support two weights 
P and Q. Suppose the magnitudes of P and Q to be so ad* 
justed that AB shall be horizontal ; then if we suppose the 
directions of the cords EA, FD produced, and Qp, Cq 
drawn from C perpendicular to them, it will be found that 

P'.QwCq.Cp (1), 

orPx(7jp=Cx(^ (2). 

Now the cords exert at A and D forces which are measured 
respectively by the weights P and Q ; hence the proportion 
(1) shews, that the forces which keep the rod in equilibrium 
are inversely proportional to the perpendiculars upon them 
from the fixed point C ; or the equation (2) which is equi- 
valent to the proportion (1), shews that the moments of the 
forces about C must be equal 
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13. This experimental demonstration however is not 
worthy of much attention, partiy because the simpler case, 
in which the forces are weights acting in directions perpen- 
dicular to the rod, will answer our purpose at present, and 
partly because the truth of the more general case may be 
seen without much difficulty to follow from that of the more 
simple. 

For let AO, BO, (70, &c. be any num- 
ber of equal spokes of a wheel : then it is 
evident that the effect of a force in turning 
the wheel will be precisely the same to 
whichever of the spokes it is applied. For 
instance, the force P applied at A perpen- 
dicularly to OA will have the same effect as 
if it were applied at D perpendicularly to OP, 

Now take a rod AB, without weight, and having the 
point O in it fixed, and let it be kept at rest by the two 
forces P and Q acting at A and 
^perpendicularly to the rod. 
Through O draw OA' equal to 
OA, and OB' equal to OB, each 
making any angle with AB\ 
then if 0A\ OR be r^arded P a ^ 

as rigidly joined together at O, like the spokes of a wheel, it 
is manifest from what has been just now said, that the 
forces P and Q acting at A' and B' perpendicularly to OA' 
and OB' respectively will keep A' OR at rest 

Again, let A'P intersect OA produced in A", and J^Q 
intersect OB produced in R' ; then if we conceive of the 
figure A"A'ORB" as one rigid board, without weight, 
capable of turning about O, and suppose the forces P and 
Q to act by means of strings, the directions of which coincide 
with A' A'' and RB" respectively, it is evident that the 
effect will be the same at whatever point of A' A" and RR' 
we suppose a tack to be driven through the strings so as to 
attach them to the board. Now if we suppose the string 
A'A"P to be attached at the point -4' we have the force P 
acting at the extremity of bA\ and if we suppose it attached 
at A" we have the force P acting obliquely at the extremity 
of OA" ; hence the effect of P axrting at A" obliquely, as in 
the figure, is the same as that of P acting at A perpen- 
dicularly to 0A\ Hence we conclude that P and Q acting 
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obliquely, as in the figure, at the extremities of a rod ABf 
having the point O fixed, will produce equilibrium provided 
their moments about O are equal, 

14. We shall defer the further generalization of the 
conditions of equilibrium investigated in this Chapter, that 
is, their extension to any number of forces and to forces 
acting in any directions, to the Chapter in which we inves- 
tigate the properties of moments of forces theoretically ; 
the remainder of the present we will devote to the conside- 
ration of the problem of three forces acting upon a rod, 
exhibited under a somewhat difierent form. 

15. Def. a rod capable of turning about a fixed point 
in its length is called a lever; and the fixed point is odled 
i}[\Q fulcrum. 

16. Def. If the lever be horizontal and a weigkt W 
be suspended from any point in its length, the lerer may be 
sustained in a horizontal position by a certain force P 
acting at some other point, and tending yertically upwards 
or downwards according to circmnstances. The force P 
which is required to maintain the equilibrium is called the 
power. 

17. We may distinguish three classes of lever. 

Firat. Suppose the fulcrum to lie be- 
tween the power and the weight. This is 
cs^ledi B, lever of the first kind. ^ W 

P 

* Secondly. Suppose the weight to act 
between ihQ fulcrum, and the power. This 
is called a lever of the second kind, 

\y 
p 

Thirdly. Suppose the power to act be- ' 

tween the weight and the fulcrum. This 
is called a lever of the third kind. 1 

W 

18. Now it will be readily perceived, that although in 
all these cases we have spoken of only two forces, the power 
and the weight, as acting upon the lever, yet in reality there 
must be and are three forces. What is the third? It is 
supplied by the pressure upon the fulcrum. In the first 
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cnjse this pressure will be the sum of the power and the 
weight ; in the second and third it will be their difference. 
Or if we call the pressure on the ftdcrum jK, we shall have 

for the lever of tlie first kind It=P+W, 

second... R= W—P, 

third ...Ii=P-JV. 

But there will be this distinction between the pressure 
on the fulcrum in the second case and the third, namely, 
that in the second (as in the first) the pressure is upwards, 
in the third it is a pressure downwards, 

19. When we regard the lever thus, we see that all 
three cases are instances of the equilibrium of three parallel 
forces, and that the conditions of equilibrium wiU be those 
which have been already investigated. In each lever there- 
fore we must have 

moment of power about fulcrum = moment of weight. 

If then we suppose that we have a lever with a given 
fulcrum, and a given weight IV suspended at a given point, 
we can at once determine the point at which a given power 
P must act in order to be in equilibrium with W; or if 
the point of application (or, as it is sometimes expressed, the 
length ofP*% «rim) be given, we can calculate -P. 

20. And the following conclusions will at once appear 
to be true. 

(1) In the case of the lever of the first kind we may 
make P as small as we please, if we increase the arm at 
wliich it acts in the same proportion that we diminish P, 
That is, a weight of any magnitude may be supported by 
any small force, if we give to this force a sufiScient length 
of arm. Thus a weight of 100 lbs. suspended at a distance 
of 1 ft. from the fulcrum, may be sustained by a weight of 
1 lb. suspended at the other extremity of the lever, provided 
that that extremity be 100 ft. from the fidcrum. And this 
points out to us the great advantage which may be gained 
in practice, by applying a force through the medium of a 
lever of this kind. Suppose for instance ^ to be a fragment 
of rock, a block o^ wood, or any other great weight which 
it is required to raise ; let BD be a strong bar of iron or 
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wood, and let one extremity^ be 
inserted just under the weight A^ 
and let tiie bar be made to rest 
against a support at (7, not far 

from the extremity B\ then a 

comparatively small force applied b 

at D will enable us to move A . This is the most ordinary 
application of the lever to common purposes, and probably 
every one is familiar with examples ; in fact, we make use 
of a lever of this kind every time that we rest the poker 
upon a bar to stir the fire ; in this case, the bar forms the 
fulcrum, the coals are the weight, the pressure of the hand 
on the poker is the power. 

When by means of a lever we are enabled to make a 
certain force do an amount of work, which it could not do 
without the intervention of the lever, we are said to gain a 
mechanical advaiitage. It wOl be seen that mechanical 
advantage is not necessarily gained; thus, if in the pre* 
ceding example the distance between the fulcrum and the 
point of contact between the lever and the mass A be 
greater than that between the fulcrum and the point of 
application of the force />, mechanical advantage will be 
lost ; in other words, it woidd be easier to move the mass A 
by the direct application of the force than through the 
intervention of such a lever. 

(2) In the case of the lever of the second kind mecha- 
nical advantage is always gained. For the weight being 
between the power and the fulcrum, the arm of the power 
is necessarily greater than that of the weighty and therefore 
the power less than the weight. 

We have an example of such a lever in the common 
nutcrackers ; the pressure of the hand on the extremities 
of the long handles of the nutcrackers supplies the power, 
and the resistance of the nut the force wMch corresponds 
to the weight. Another example is that of the oar of a 
boat; the water forms a fulcrum (though an imperfect one) 
for the extremity of the oar, the hand at the other extre- 
mity supplies the power, and the result is a force, greater 
than the power, at the rowlock, which is effective in moving 
the boat 

(3) In the case of the lever of the third kind mechanical 
advantage is never gained. For the arm at which the power 
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acts is shorter than that at which the weight acts, and 
therefore the power must be greater than the- weight. 
Hence it might be imagined that this species of lever 
conld never be advantageously applied in practice, and of 
course if the gaining of power be the end to be attained 
it never can ; there is however a most interesting case of 
the application of this kind of lever, in which the loss of 
mechanical advantage is far more than compensated by the 
gain of advantages of another kind. The case alluded to 
is that of the limbs of animals, or more particularly that of 
the human arm. 

The figure represents the skeleton of the human arm ; 
suppose the elbow 
^ to be kept at rest, 
and the haiid to ex- 
ert a force either in 
lifting a weight, or 
in pulling, or push- 'X 

ing; then the ten- 
dency of the hand is to revolve about A, and A will be the 
fulcrum, while the force exerted by the hand will corre- 
spond to the weight. Where and how will the power be 
applied ? The power is applied near the elbow by means 
of certain tendons or sinews, which are acted upon by the 
contraction of muscles sitptted in the higher part of the 
arm. Thus the point of application of the power is be- 
tween the fulcrum and the weight, and the power acts at a 
mechanical disadvantage; but it will be easily seen from 
the nature of the case, that no other kind of lever could 
have been conveniently adopted, because the hand must of 
necessity be placed at the extremity of the limb ; moreover, 
neatness of construction and agility of motion are incom- 
parably more important in animal mechanism than the 
multiplication of strength, especially in the case of man, 
whose natural strength must at best be small, and whose 
intellectual resources supply him with the means of in- 
creasing his power to an almost unlimited extent; the 
science of comparative anatomy, however, brings before us 
some curious instances of the power of the inferior animals 
being increased by advantageous mechanical arrangements. 

21. We will now briefly recapitulate the results at which 
we have arrived in the case of the three levers respectively* 
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Lever qf the first kind. Mechanical advantage may be 
either lost or gained. 

Lever qf the second kind. Mechanical advantage i3 
always gained. 

Lever qf the third kind. Mechanical advantage is 
never gained. 

And in all cases the principle of equilibrium is this, 
that the moment of the power about the fulcrum must be 
equal to the moment of the weight. 

22. There are many other questions connected with 
the lever, or more generally with the theory of the moments 
qf. forces, which might be introduced in this place ; we 
prefer, however, to reserve these until after we have treated 
of the Centre of Gravity, and have shewn how the principles 
already established by experiment may be placed upon a 
demonstrative basis. 



EXAMINATION UPON CHAPTER III. 

1. Define the moment of a force about a given point. A 
weight of 6 lbs. is suspended from one extremity of a horizontal 
rod; find the weight, which suspended from the middle point 
would produce the same moment about the other extremity. 

2. Define a lever; and disti^uish the different kinds of 
lever, giving examples of each. 

8. Enunciate the condition of equilibrium of a straight hori- 
zontal lever, when a weight is suspended from each extremity ; 
and explain how the condition may be investigated experimentally. 

4. Enunciate in its most general form the principle of mo- 
ments, as a))plied to the straight lever under the action of forces 
perpendicular to its length. 

5. Shew how the case of forces acting obliquely upon a lever 
may be deduced from that of forces acting at right angles to the 
lever. 

6. In what sense can a m^ament be properly spoken of as the 
product of a force and a line? 

7. Two weights of 3 lbs. and 7 lbs. respectively, hang from 
the extremities of a lever ] yard long ; find the fulcrum. 

8. A straight rod, 6 feet long, capable of moving in a ver- 
Jtiual plane about one extremity has a weight of 10 lbs. suspended 
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from its £ree extremity; find at what point an upward force of 
35 lbs. must be applied so as to hold the rod in a horizontal 
position. 

9. In the preceding example what will be the pressure upon 
the fixed extremity! 

10. What is meant by mechanical advantage being lost or 
gained by the intervention of a lever ? Explain under what cir- 
cumstances either the one result or the other takes place in the 
case of each kind of lever. 

11. The longer arm of a lever of the first kind is 3 feet, and 
the shorter 7 inches ; what force will be necessary to raise a 
weight of a ton? 

12. How much would the force in the preceding example be 
increased by removing the fulcrum through 1 inch towai-ds the 
weight! 

13. Two weights, TTand W% are suspended by strings from 
the extremities of a lever of length a ; find the fulcrum. 

14. If in the preceding example a weight w be added to W, 
what weight must be added to W^ to maintain equilibrium ? 

15. A straight rod, moveable in a vertical plain about a hinge 
at one extremity, is supported in a horizontal position by a ver- 
tical thread which is attached to it at a distance of 10 inches from 
the hinge ; and the length of the rod is 27 inches. Supposing that 
the thread will support a weight of 4 oz. without breaking, find 
what weight may be suspended from the free extremity of the 
rod. 

16. Two known weights, of P and Q lbs. respectively, ba- 
lance upon a straight lever of the first kind ; if p lbs. be added to 
P, the fulcrum must be shifted through a space a towards the 
extremity from which P hangs, in order to preserve equilibrium ; 
and if q lbs. be added to Q, the fulcrum must be shifted through 
a space 6 towards the opposite extremity ; find the length of the 
lever. 



CHAPTER IV. 

ON THE CENTRE OF GRAVITY. 



1. TN every material body, or system of particles 
X rigidly connected, there is a point which has this 

remarkable property, that if it be supported or fixed the 
body will remain at rest, whatever be the position of the 
body subject to the condition of that point being fixed. 
This point is called the centre qf gravity of the body. 

We shall be engaged in this chapter in proving the 
existence of the centre of gravity, in discussing some of 
its properties, and in determining its position in certain 
cases. 

2. Let us take the simplest case, namely, that of two 
equal particles rigidly connected by a rod supposed to have 
no weight. Then it is evident that the middle point of the 
rod wiU be the centre of gravity ; for the perpendiculars 
from this point upon two vertical lines drawn through the 
two particles will be equal, whatever be the position of the 
rod ; therefore the moments of the weights of the particles 
will be equal, or the particles will be at rest 

3. Even if there be no rod joining the two particles, 
the middle point of the straight line joining them would 
be called their centre of gravity ; for if this point were 
connected with the two particles, and the point were sup- 
ported, the two particles would remain at rest in any 
position. 

And generally, we may observe, that the centre of 
gravity of a body need not be a point within the body ; but 
it may be, and frequently is, a point such that if we con- 
ceive the body to be rigidly connected with it the definition 
of the centre of gravity would be satisfied. For example, 
the centre of gravity of a hollow sphere is the centre of the 
sphere ; for although that point has no physical connexion 
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with the material sphere, yet if the centre be conceiyed 
as rigidly connected with the sphere (by a rod without 
weighty for instance, coinciding with a diameter) it is 
evident that when the centre is supported the sphere will 
remain at rest in whatever position we place it; for the 
sphere being symmetrical, that is, of precisely similar size 
and shape, around the centre, when it is placed in one 
position there is no reason why it should change that 
position for another. Hence the centre of the sphere is 
called its centre of gravity, although there is no physical 
connexion between that point and the sphere itself. And 
so in other instances. 

4. We may also observe, that a system of particles 
not rigidly connected are frequently spoken of as having a 
centre of gravity, as in the case of the two particles already 
discussed in Art. 3. By the centre of gravity in these 
cases we mean a point, which, %f it were rigidly connected 
with each of the particles, would satisfy the definition given 
in Art. 1. In this sense we may speak of the centre of 
gravity of a pile of cannon-balls, of a quantity of water, 
of a piece of string. 

5. Let us now consider what will be the position of the 
centre of gravity of two unequal particles. 

Let P and Q be the two particles, and let their weights 

be p lbs. and q lbs. respectively ; draw a _ 

straight line from P to Q, and divide it 

in G in such manner that 

f 

PG : QG :: q : p-, 

then, if from G we draw G^m, Gn per- p X 

pendicular to the vertical lines Pp, Qq 
respectively, we shall have by similar triangles 

PG : QG :: Gm : Gn, 
and /. Gm : Gn :: q : p. 

Hence the moments of the two weights p and q about G 
will be equal, and therefore the two particles P and Q 
will balance about G; ie. G will be the centre of gravity 

of-PandC. 

6. We are now in a condition to prove the following 
general Theorem. 

3 
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Prop. Every mfstem of partidet and etery^ material 
'body hat a centre qfgraeity. 

Let W^, W^j W^, ^4,...beas7stemof particles, the 
we^ts of which are FF",, >F,, JV^, 

W^f ... pespectiTely: sappoae W^^ **'• 7^ ^'^^ 

and W^ joined bj a rigid rod with- 
out weight, and divide this rod in 
Gi, so that 

then, from what has gone before, Gi will be the centre of 
gra^ty of W^ and JV^ ; that is, if G^i be supported, W^ and 
W^ will balance in all positions about it, and the pressure 
upon the point of support will be JFi+ JF,. 

Again, suppose Gi and W^ joined by a rigid rod without 
weight, and divide it in G^, so that 

G,G^ : WJG^ :: W^ : fT^+W^; 

then, if we suppose the rod W^ W^ to rest upon the rod 
G^ W^, and &, to be supported, the pressure IVi+ IV^ at 
Gi and W^ at W^ will balance about G^- Hence the 
three bodies W^, W^„ W^, supposed rigidly connected, 
will balance in all positions about G^. 

Similarly, we may find a point G^ in the line joining 
G^ and W^, about which W^, W^, W^, W^ will balance in 
all positions ; and so of any number of particles. Hence 
every system of particles has a centre of gravity. 

And this proposition includes the case of all material 
bodies, since a body may always be conceived to be made 
up of an indefinite number of component particles. 

Hence, every system, &c. Q.E.D. 

7. If the centre of gravity of a system be supported, 
it is evident that the pressure upon the support will be 
precisely the same as if the whole system were compressed 
into a single particle having for its weight the sum of the 
weights of the particles of the system. This is sometimes 
expressed by saying, that the statical effect of a system of 
particles is tJie same as if the system were collected at its 
centre of gravity, 

8. Prop, Every material system has only one centre 
of gravity. 

For, suppose there are two, and let the system be so 
turned that the two centres of gravity lie in the same 



On the Centre of Gravity, 35 

horizontal plane. Then the weights of the different par- 
ticles of the system form a system of vertical forces, which 
must have a vertical resultant passing through each of 
the centres of gravity; otherwise the system could not 
balance about each of those points; hence the vertical 
resultant must pass through two points in the same hori- 
zontal plane, which is absurd. Hence every material sys- 
tem, &C. Q.E.D. 

9. We shall now proceed to find the position of the 
centre of gravity in a few actual cases. The general de- 
termination of the position of the centre of gravity of a 
body of any given form and magnitude we shall not be able 
to solve, but there are a few instances in which the problem 
presents no difficulty. 

10. To find the centre of gravity qf a physical right 
line, or of a uniform thin rod. 

The middle point will be the centre of gravity ; for we 
may suppose the line or rod to be divided into pairs of 
equal weights equidistant from the middle point, and the 
middle point will be the centre of gravity of each pair, and 
therefore of the whole system, that is, of the line or rod 
itself. 

11. To find the centre of gravity of a plane triangle. 
Let ABC be the triangle ; bisect BC in D, and join 

AD\ draw any straight line 
hdc parallel to BC, and meet- 
ing AD in d\ then by similar 
triangles, we have 

hd : BD :: Ad : AD 

:: cd : CD, 

orbd : cd :: BD : CD; 

but BC is bisected in 2>, therefore be is bisected in d. 
Hence the line be will balance about the point e;? in all 
positions ; similarly, all lines in the triangle parallel to BC 
will balance about points in AD, and therefore the centre 
of gravity of the whole triangle must lie in AD. 

In like manner, if we bisect AC in E, and join BE, the 
centre of gravity must be in BE; hence G, the intersection 
of AD and BE, is the centre of gravity of the triangle 
ABC. 

Join DEf which will be parallel to AB. (Euclid, vi. 2.) 

3—2 
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Then the triangles ABG, DEG are similar ; 



AG : 


GD 


:: AB : 


DE 




• 
• 


: BC : 


DC 




• 
• 


: 2 : 


h 


or 


AG^ 


= 2GD, 




and .*. 


Al)= 


= 3(?2>. 






Hence, if we join an angle of a triangle with the bisection 
of the opposite side, the point which is two-thirds of the 
distance down this line from the angular point is the centre 
of gravity of the triangle. 

12. To find the centre qf gravity qf three equal bodies 
placed so as to form a triangle. 

Let Af B, C he the three bodies; join AB, BC, CA. 
Bisect AB in D, then D will be 
the centre of gravity of A and B, 
and we may suppose A and B to 
be collected at Z>. (Art 7.) Join 
CD, and take DE equal to one- 
third of CD; then CE=2DE, 
and therefore if we consider CD 
as a lever with fulcrum E, the two bodies A and B sus- 
pended from D will balance the body C suspended from (7, 
and therefore E is the centre of gravity of the three bodies. 

Cor. From this it appears that the centre of gravity 
of a plane triangle is the same bs that of three equal 
bodies placed at its angular points. 

13. We shall now shew how to find the centre of 
gravity of any number of particles in the same plane; but 
before doing so, we must shortly explain how the position 
of any number of particles may be most conveniently re- 
presented mathematically. 

Let P be any point, the position of which we wish to 
describe: take any point A, and 
through it draw two straight lines, 
Ax, Ay, at right angles to each 
other ; from P draw PN perpendi- 
cular to one of these lines, as Ax: 
then it will be easily seen, that if the 
length of AN be given, and also the 
length of PN, the position of P will be entirely described. 
In like manner the position of any other point Q may be 
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A aj h/ *j^ 



determined. We may remark that this mode of assigniiig 
the positions of points is very general in modem mathe- 
matics, and that it is usual to call AN, PN the co- 
ordinates of the point P, and to call Ax and Ay the aaes 
qf co-ordinates. 

This being premised, let it be required 
14. To find the centre qf gravity qf any number qf 
particles which lie in the same plane. 

Let Wt^ W^ JFg ... be the weights of the particles; in 
the plane in which they lie take y 
any two straight lines Ax^ Ay at 
right angles to each other, as 
axes of co-ordinates. Draw WyOi, 

]^,a„. ..perpendicular to Ax ; and 
let Adi—Xi, W'iai=yij Aa^^je^, 

W^^-y^, &c., also let x^y \}q 
the eo-ordmates of the centre of gravity of the system; 
then it is eyident that if wo find x and y, we shall' have 
solved the problem. 

Join Wi W^, and let Gi be the centre of gravity of 

Wiy FF,; from Gi draw GJ>x perpendicular to Ax, and G^c 
perpendicular to WiOiy also from FF, draw W^d perpen- 
dicular to Gfii ; then, by the fundamental property of the 
centre of gravity, we have 

JFiX W^G^^^W^^Wfi^; 

but since the triangles WiGiC, Gi W^ are similar, we have 

W^G^ : WJG^ :: G^c : W^, 

:: aih : ^^&i9 

:: -4&1— a?i : x^~'Ahi\ 

If we consider another particle FFj, we may, in search- 
ing for the centre of gravity of the three W^ W^, ^,, 
suppose the two former to be collected at their centre of 
gravity Gi; hence if G, be the centre of gravity of the 
three particles, and we draw GJ>^ perpendicular to Ax^ we 

have 

,^_ (TV,+ TV,)Abr+JV,x, . 
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and if we put for Ahx its value already found, we have 



^5a= 






and so on for any number of particles. Hence, we shall 
have 

And in exactly the same manner we should find that 

It will be seen that these formulae express this truth, 
that the centre qf gravity cf a system qf particles is such, 
that the moment about any point A of the sum qf th^ir 
weights collected at the centre of gravity is eqiuU to the 
sum of the moments of the weights. 

15. The preceding investigations refer to systems of 
particles lying all in one plane, or to plane bodies. It may 
be as well to remark concerning such bodies, that physically 
they can have no existence, that is to say, it is impossible 
that we can have a body which has length and breadth but 
no thickness. When we spoke of the centre of gravity 
of a plane triangle, it woiild have been more correct to 
speak of the craitre of gravity of a portion of matter 
bounded by two plane triangles the surfaces of which are 
parallel, and very near to each other, or of the centre of 
gravity of a very thin frustum of a prism on a triangular 
bajse. No confusion however can arise from speaking of 
the centre of gravity of a plane figure, if the student bears 
in mind that his results are applicable to indefinitely thin 
plates or laminae, or that if the thickness be considered he 
must regard the centre of gravity as lying inside the body 
and at equal distances from the two bounding surfaces. 

There are few cases in which we can find the centre of 
gravity of solids, without more powerful mathematical 
appliances: one or two cases however are within our 
reach. 

16. To find the centre of gravity qfa pyramid on a 
triangular base. 

Let A BCD be the pyramid. Bisect BC in E] join 
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AE: take EF equal to iAEy 
and join DF. 

Suppose the pyramid to 
be made up of thin triangu- 
lar slices parallel to ABC, and 
let abc be one of them ; let 
qfe be the line in which it 
is intersected by the plane 
DAE, e and / lying in he 
and DF respectively. 

Then by similar triangles, 

he : eD :: BE : ED, 
also ce : eD :: CE : ED ; 
/. he : ce :: BE : CE, 
but BE=CE; :. he=ce. 
In like manner it may be shewn that 

fe : af :: FE : AF, 
but AF=2FE; :. af^lfe. 

Hence / is the centre of gravity of the triangular slice 
dbc. Similarly it will appear that the centres of gravity 
of all slices of the pyramid made by planes parallel to ABC 
lie in DF, and therefore the centre of gravity is in that 
line. 

Similarly, if we join DE, take GE= \ DE, and join A G, 
the centre of gravity will be in AG\ therefore H, the 
intersection of Z>i^ and AG, \a the centre of gravity of the 
pyramid. 

Now join GF; then, by similar triangles, 

HF : HD :: GF : AD, 
FE : AE, 
1 : 3; 
.-. HF=iHD=iDF, 

Hence, if we join the vertex of the pyramid with the 
centre of gravity of the base, and set off one-fourth of this 
line from the latter point, we shall determine the centre 
of gravity of the pyramid. 

17. It is not difficult to see that the same construction 
will hold for a pyi-amid upon any base. That is to say, if 
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we join the yertex with the centre of gravity of the base, 
and set off one-fourth of this line from the latter point, we 
shall determine the centre of gravity of the pyramid. The 
student may prove for himself that this is so. 

18. And still further the same construction will hold 
for a cone, either right or oblique; for the base may be 
regarded as a polygon having an infinite number of sides, 
and the cone as a particular case of the pyramid. 

19. It was shewn in Art 12, how we may find the 
centre of gravity of three equal bodies placed so as to form 
a triangle ; and in like manner we may find the centre of 
gravity of four equal bodies placed at the angular points 
of a tetrahedron, or pyramid. And as it was shewn that 
the centre of gravity of the three bodies in the former 
case coincides with the centre of gravity of the triangle, 
so it will be found that in the latter case the centre of 
gravity of the four bodies coincides with the centre of 
gravity of the pyramid. 

20. If we have two bodies, the centre of gravity of 
each of which is known, we can find the centre of gravity 
of the two, by considering each to be condensed into its 
centre of gravity, and then constructing for the centre of 
gravity of the two as we did for that of W^ and W^ in 
Art 14. And the same remark applies to any number of 
bodies. 

21. Also, when the centre of gravity of a heavy body 
is given, and also that of any portion of it, we can find the 
centre of gravity of the remainder. 

For let G be the centre of gravity of the body, W its 
weight : O^ the centre of gravity of the 
given portion, W^ its weight Join 
G^G, and in tliat line produced, take 
G^y such that 

Gfi : Gfi :: W^ : W-W^. 

Then G^ will be the centre of gravity required. 

22. The following general proposition concerning the 
centre of gravity, contains the property which is most im- 
portant in a practical point of view. 

Prop. When a body is placed upon a horizontal plane, 
it will stand or/all according as the vertical line through 
the centre of gravity /alls tcithin or without the base. 
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Suppose the Tertical line GC through the centre of 
gravity (? to fall within the 
base, as in ^g, I: then we 
may suppose the whole 
weight of the body to be 
a vertical pressure ^ jwt- j^^j^ j^/n. 

mg m the line GC; this 

will be met by an equal and opposite pressure W from the 
plane on which the body is placed, and so equilibrium will 
be produced and the body will stand. 

But suppose, as in fig. II, that the line GO falls without 

the base ; then there is no pressure equal and opposite to 

W at Cf and therefore ^will produce a moment about B, 

(the nearest point in the base to (7,) which will make the 

body twist about that point and fall. 

23. Hence, we see that it is not necessary that the 
walls of a lofty building should be accurately vertical ; this 
is, in fact, a condition which is very often not satisfied. 
There are some very remarkable deviations from verticality ; 
the leaning tower of Pisa for example. 

24. We have used the term base in the preceding 
proposition, to express the portion of the body which is in 
contact with the horizontal plane ; if the body stand upon 
three or more p9ints, then, by joining these points, we shall 
form a triangle or polygon as the case may be, and tiiis 
will be the space within which the vertical from the centre 
of gravity must fall 

And this remark is applicable to the case of the human 
body. Let AB, CD be the soles of a man's 
shoes; join AC, BD ; then the vertical line 
through the man's centre of gravity must fall 
somewhere within the space ABDC, This 
space may be enlarged by separating the feet, 
and the man's steadiness is correspondingly 
increased. If a person raise one foot from " " 
the grotmd, then his base is reduced to the sole of the 
other foot, and cannot be increased ; his steadiness therefore 
is much diminished, and if he should lose his balance, he 
must either put the other foot down, or change his position 
by a hop, so as to bring the sole of his foot again below 
his centre of gravity. 

Men, and indeed all animals, acquire the habit of 
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instinctively shifting their position so as to satisfy the con- 
dition of equilibrium ; thus, if a man walking upon a narrow 
plank feels himself in danger of falling upon one side, he 
throws out the opposite arm ; a woman nursing a child leans 
backward ; a man carrying a burden upon his back leans 
forward ; in walking up a hill we lean forward ; in walking 
down a hill we lean backward ; and so on. In like manner, 
a person rising from a chair must either press the body 
forward to bring the centre of gravity over the feet, or 
else must put the feet backward imder the chair to produce 
the same effect. 

One of the best illustrations of the management of the 
centre of gravity is that afforded by the tight-rope dancer. 
The tight-rope dancer carries in his hand a heavy pole, and the 
centre of gravity, the position of which determines whether 
he will fall or not, is that of the pole and himself, regarded 
as two bodies. Hence the dancer to a certain extent carries 
his centre of gravity in his own hands, and can shifb its posi- 
tion, so as to keep it within the narrow limits required, with 
much greater ease than he could if unassisted by the pola 

25. It would seem from what has been proved, that 
a body woulU rest on a horizontal plane, when supported by 
a single point, provided that it be so placed that the centre 
of gravity is in the vertical line passing through that point, 
which in this case forms the base. And in fact a body so 
situated would be, mathematicaUy speaking, in a position of 
equilibrium, though practically the equilibrium would not 
subsist ; this kind of equilibrium and that which is practically 
possible are distinguished by the names o^ unstable and stcible. 
Thus an egg will rest upon its side in a position of stable 
equilibrium, but the position of equilibrium corresponding 
to the vertical position of its axis is unstable. So likewise 
there is a mathematical position of equiUbrium for a needle 
resting on its point, or a pyramid or cone upon its apex, 
though such positions are obviously unstable. 

The distinction between stable and unstable equilibrium 
may be enunciated generally thus: Suppose a body or a 
system of particles to be in equilibrium under the action of 
any forces; let the system be arbitrarily displaced very 
slightly from the position of equilibrium ; then if the forces be 
such that they tend to bring the system back to its position 
of equilibrium, the position is stable, but if they tend to move 
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the system still further from the position of equilibrium it 
is unstable, 

26. The following property of the centre of gravity is 
nearly analogous to that of Art 22. 

Prop. WTien a heart/ body is suspended /rom a point 
about which it can turn freely, it will rest with its centre 
qf gravity in the vertical line passing through the point 
qf suspension. 

For let be the point of suspension, G 
the centre of gravity, and suppose that G is 
not in the vertical line through \ draw OP 
perpendicular to the vertical through G, that 
is, to the direction in which the weight of the 
body ^acts. Then the force ^will produce 
a moment W. OP about as a fulcrum, and 
there being nothing to counteract the effect of 
this moment, equilibrium cannot subsist. 

Hence G must be in the vertical line through 0, in 
which case the weight W produces only a pressure on the 
point 0, which is supposed immoveable. 

27. From the property proved in the preceding Article 
it is easy to deduce a method of determining practically the 
position of the centre of gravity of any heavy body bounded 
by two parallel planes. 

For this purpose let the body be suspended from a p^ 
at any point 0, in such a manner that 
it can easily turn about 0; then by 
Art. 26 the centre of gravity will be 
somewnere in the vertical line through 
O. If, therefore, from we suspend a 
plumbline, that is, a fine thread carry- 
ing at its extremity the weight W, and 
draw a fine line upon the bounding 
surface to mark the line of contact of 
the surface and the plumbline, the 
centre of gravity will be somewhere 
in this line. Again, let the body be suspended from a peg 
inserted at any other point O', and let a second line be 
traced by means of the plumbline, aj3 before described. 
Then the point of intersection {G) of the two lines which 
have been traced will be the centre of gravity of the body. 

28. Before leaving the subject of the Centre of Gravity, 
it may be well to make a few remarks upon the subject 
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of Gravity itself. One of the most general and most won- 
derful, though most simple, of the laws, to which modem 
science has conducted us, is this, that every particle of matter 
attracts every other particle of matter towai^ itself accord- 
ing to a regular law. This law, which is called that of gravity 
or gravitation^ must be assumed to be true ; the student at 
present taking the assertion upon trust, that the evidence 
in favour of the truth of the law is quite irresistible to all 
minds capable of following the steps of the proof. 

In consequence of this law of gravitation every particle 
of the Earth's mass attracts every particle of a body at its 
surface ; and if we suppose (which is very nearly but not 
quite true) that the Earth is a sphere, then the resultant of 
the attractions of the particles of which it is composed 
upon a pai'ticle at the outside of it will be a force tending 
towards the centre of the sphere. Let, for 
instance, be the centre of the Earth, P a 
particle anywhere outside the Earth; then 
every particle of the Earth's mass tends to 
draw P towards itself ; and since these par- 
ticles are all symmetrically arranged round 
the line OP, it is evident that the resultant 
of all their attractions must be a force in the 
direction PO, And this resultant force is that which 
constitutes the weight qf the particle P. 

Now if P were a stone which was let fall, it would of 
course fall in the direction of PO, or the direction of gravity, 
and this direction we will call the vertical directioA ; and 
the plane perpendicular to PO, at the point N, where the 
stone strikes the Earth's surface, we will call the horizontal 
plane at that point. It is clear that the vertical directions 
at two different points of the Earth's surface cannot be the 
same, that is, they cannot be parallel, because they meet in 
O ; but is at a great distance from the surface, nearly 4000 
miles, and, therefore, if we take two points on the Earth's 
surface at no great distance from each other, the vertical 
directions at those two points will be nearly parallel. 
For example, take two places a quarter of a mile apart ; 
the circular measure of the angle between the vertical 
directions at those points will 

1 1 1 
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This is a very small angle, amounting to only a few 
seconds ; hence even at the distance of a quarter of a mile 
from each other the directions of gravity at two places 
may be taken to be paralleL In all problems, therefore, 
concerning heavy bodies, we treat of gravity as b, force which 
iicts in paraUd lines. 

The Earth instead of being spherical, as we have sup- 
I>osed, is what is called a spheroid ; that is, it is slightly 
flattened at the poles, and if we were to take a section of 
it by a plane passing through its centre and its poles, it 
would be an ellipse of which the axes would be nearly 
equal ^. The earth being of this form, we cannot conclude 
that the force of gravity must at each point tend towards 
its centre t; we can, however, describe very simply the 
exact direction of gravity at any place upon the earth's 
surface ; it is fotmd that the direction qf gravity is the 
straight line perpendicular to th^ surface of still water 
at the given place; this is a result which may be verified 
by experiment with an extreme decree of precision, and 
which also agrees with the results of mathematical investi- 
gation. Instead, therefore, of the definitions of vertical 
and horizontal, which were given just now, we ought, more 
properly, to speak of the vertical at any place as the straight 
line perpendicular to the surface of still water; and the 
plane perpendicular to it, that is, the surface of the water 
itself as the horizontal plane. For all common purposes, 
however, we may regard bodies as tending to fall towards 
the Earth's centre; and even if we take the more accurate 
definition of the direction of gravity, our former conclusion 
will be true, namely, that gravity may be considered as a 
force which acts in parallel lines. 

* The polar diameter is 7899 miles, the equatorial 7925. 

t There is another slight cause of deviation not considered here, namely, 
the rotation of the earth about its axis. The discussion of this belongs 
to Djnamics, but the effect is extremely small, and may be neglected. 
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EXAMINATION UPON CHAPTER IV. 

1. Dbfike the centre of gravity of a body, or of a system 
of material particles. 

2. Find the centre of gravity of two unequal particles. 

3. Prove that every system of particles has one centre of 
gravity, and only one. 

4. Explain and illustrate the statement that the statical 
effect of a system of particles is the same as if the system were 
collected at its centre of gravity. 

5. Find the centre of gravity of a physical right line. 

6. A straight wire 3 feet long is composed of two pieces of 
2 feet and 1 foot respectively. The former is composed of matter 
which weighs 1 oz. per foot, and the second of matter which 
weighs 2^ oz. per yard ; find the centre of gravity of the whole 
wire. 

7. Find the centre of gravity of a triangle. 

8. Find the centre of gravity of three equal bodies placed 
so as to form a triangle. 

9. Find the centre of gravity of any number of particles 
which lie in the same plane. 

10. The centre of gravity of a body being given, and also 
that of a given portion of it, shew how to find that of the 
remainder. 

11. An equilateral triangle is divided into two parts by a 
straight line which bisects two of the sides ; find the centre of 
gravity of the quadrilateral portion. 

12. When a body is placed upon a horizontal plane, it will 
stand or fall according as the vertical line through the centre of 
gravity falls within or without the base. 

13. Distinguish between stable and unstable equilibrium. 

14. When a heavy body is suspended from a point about 
which it can turn freely, it will rest with its centre of gravity in 
the vertical line passing through the point of suspension. 

15. Find the centre of gravity of a pyramid on a triangular 
base. 

16. Shew how to find the centre of gravity of a quadrilateral 
figure. 

17. A body cannot be in stable equilibrium upon a horizontal 
plane if it rests on less than three supports, the supports being 
supposed to terminate in points. 
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18. Two unequal pbyRical lines cross each other, and are 
attached at the point of their intersection: find their centre of 
gravity. 

19. Find the locus of the centres of gravity of all right-angled 
triangles which can be described upon a given base. 

20. If the sides of a triangle ABC be bisected in the points 
D, Ey P\ then the c^itre of the circle inscribed in the triangle 
DEP will be the centre of gravity of the perimeter of ABC. 

21. A given number of weights (n), which are in geometrical 
progression, are placed at equal distances along a straight line : 
find their centre of gravity. 

22. How may the centre of gravity of a plane figure be found 
experimentally 1 

23. Of all triangles upon the same base and having the same 
vertical angle, the isosceles is that of which the centre of gravity 
is nearest to the base. 

24. Two rods of the same thickness, one of which is twice 
as long as the other, are attached by two of their extremities so 
as to be at right angles to each other. Find at what angle either 
of them will be inclined to the vertical, when they are suspended 
by a string or tack at the right angle. 



CHAPTER V. 

DEMONSTRATIVE MECHANICS. PARALLELOGRAM 
OF FORCES. EQUILIBRIUM OF A PARTICLE. 



1. TN a preceding chapter we explained fully the 
J- meaning of the proposition called the ^^Parallelo- 
gram of Forces,'' and we deduced its truth by means of 
experiment: we are now about to shew how the truth of the 
same proposition may be demonstrated, without recourse 
to experiment, by means of an axiom concerning force. We 
have pursued this course, not because it is necessary, but 
because it appears fitted to help the student over those 
difficulties which belong to the first study of the Science 
of Mechanics. The student has (we presume) made him- 
self acquainted with Algebra, Geometry, and Trigono- 
metry, before he enters upon Mechanics; but those sub- 
jects are entirely confined to the properties of spdce and 
number, and he is likely therefore to feel considerable 
difficulty if he is thrown at once upon the demonstration 
of propositions concerning that which is so new to him in 
its character and properties ba force. Now it is hoped 
that by the study of the preceding chapters this difficulty 
will be obviated, and that being now thoroughly familiar 
with the propositions which he has to prove, he will not 
find any very great obstacle in the way of comprehending 
the proof. 

2. The principle upon which we shall found the 
proof of the Parallelogram of Forces is this : a force acting 
upon a particle may he supposed to act at any point in 
the line qf its direction, that point being conceived to be 
rigidly connected with the particle. 
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Thus let ^ be a particle^ acted upon by a force P ^ 
in the direction AP; take B any point in AP, then 
we may suppose P to act at B instead of Ay provided 
A and B be conceived to be rigidly connected' to- f ^ 
gether. This is a principle the truth of which will 
be easily seen ; it does not require any experiment to 
prove it, but may be regarded as an axiom, the truth of ^ 
which tiie student cannot fail to see if he has really p 
understood what is meant by force. The principle 
may however be illustrated thus. Suppose W^ to be a weight 
hanging from a fixed point JL by a fine string, the weight of 
which may be neglected ; then there will be a cer- ^ ^ 
tain pressure at A which will be equal to W : ^ ■ ^ 
again, let us put a tack through the string at any 
point By so that the weight will hang from B 
instead of A, then the pressure on B will be equal 
to W, and therefore the same as it was at ^ in 
the former ease : hence if we regard W q&sl force I 
producing a pressure in the line AB W, we may say # 
that JV may be supposed to act either at A or at B. ^ 

This being premised, we shall proceed to give a demon- 
stration of the Parallelogram of Forces, which has been 
already enunciated in p. 10; we shall find it convenient to 
divide the proposition into two, in the first of which we shall 
consider the direction of the resultant of two forces, and in 
the second its magnitude. 

3. Pbop. If two forces^ acting on a particle at A, he 
repregented in direction and magnitude hy the straight 
line9 AB, AC, then the residtant imll be represented in 
direction by the diagonal AD of the parallelogram de- 
scribed upon AB, AC. 

(1) When the forces are eqiml, it is manifest that the 
direction of the resultant will bisect the angle between the 
directions of the forces : or, if we represent the forces in 
direction and magnitude by two straight lines drawn from the 
point at which they act, the diagonal of the parallelogram 
described upon these lines will be the direction of the result- 
ant Hence the proposition is true for equal forces. 

(2) Next, suppose that the proposition, just proved for 
equal forces, is true for two unequal forces P and Q, and 
also for P and R ; we shall shew that it will be true for 
PmdQ-^E. 
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Let A be the point of application of the forces ; take AS 
to represent P in direc- . q+rc 
tion and magnitude, and ' 
AC to represent Q ; com- 
plete the parallelogram 
ABDC, then bt/ hypo- 
thesis AD 18 the direc- =^ , ^^^ 

Hon of the resultant of ^ ^ r ^ 

P and Q; and since a 
force may be supposed to 
act at any point of its direction, we may consider D as the 
point of application of the resultant of P and Q; therefore, 
since the resultant is in all respects equivalent to its com- 
ponents, we may suppose the forces P and Q themselres to 
act at X>, P parallel to AB, and Q parallel io AC; or stiH 
further we may suppose P to act at C, in the direction CD. 

Again; the force B which acts at A may be supposed 
to act at C7; take CE to represent it in direction and 
magnitude, and complete the parallelogram CDFE; then 
hy hypothesis, CF is the direction of the resultant of P and 
R acting at C: hence the resultant of P and R may be 
supposed to act at P, or P and B may be supposed them- 
selves to act at that point parallel to their original directions. 

Lastly ; the force Q, which at present is supposed to be act- 
ing at D in the direction DF, may be supposed to act at P. 

Hence we have reduced the forces P and Q-^ B, acting 
at -4, toP and Q -^ B, acting at P; consequently P is a 
point in the line of action of the resultant, and therefore 
-4 Pis the direction of the resultant: that is, if the proposi- 
tion be true for P and Q, and also for P and B, it is true 
for P and Q + B, 

But the proposition is true for P and P, and also for 
P and P, therefore it is true for P and P + P or 2P ; 
therefore for P and P + 2P or 3P; and so on; therefore 
generally for P and mP, where m is any whole number. 

In like manner the proposition may be extended to mP 
and wP, m and n being any whole numbers. We may there- 
fore consider the proposition to be true for all forces*. 

.*. If two forces, &c. q.e.d. 

* Bather for all oonvmemawraJtlU forces ; that is, for all forces the ratio of 
whose magnitudes can be expressed by the ratio of two whole numbers. But 
this is not the case with all forces ; for instance, we might hare two forces, 
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4. Fbop. If two forces^ acting on a particle at A, "be 
representedi in direction and magnitude by the straight 
lines AB, AC, then the resultant will be represented^ not 
only in direction, but also in magnitude, by the diagonal 
AD of the parallelogpom described upon AB, AC, 

Produce the diagonal J) A to />', making Aiy eqtuil to 
the resultant of AB in AG in j) 

magnitude; complete the parak 
lelogram ABC^D, and join A C\ 

Then since AD^ is eqiial to 
the resultant of AB, AC, and d 
drawn in the direction opposite 
to that of the resultant, the three 
forces AB, AC, AI/ balance ^ 

each other, and therefore any ^^ ^ 

one of them is in the direction of the resultant of the other 
two; hence AC is in the direction of the resultant oT AB, 
Ajy; but AC is also in that direction, therefore -4 C, AC 
are in the same straight line. Hence ADBC is a paral- 

one measured by V3 lbs. and the other by 2 lbs. ; now the ratio of V3" : 2 
cannot be expressed by the ratio of two whole numbers exactly, though it can 
be so expressed as nearly as ever we please. To make this nM>re clear, observe 

that ll. = '8660254 rery nearly; hence Vs": 2 :: 8660254 : 10000000, very 
2 

nearly, and by taking more decimal places we could make the approximation 
still more close. Now as the proposition proved in the text is true for two 
forces whose ratio is 8660254 : 10000000, we should seem to be safe in conclud- 
ing that it is also true for the incommensurable forces whose ratio is Vs : 2. 
And by considering the matter thus we might conclude, that the proposition 
proved in the text for commensitrcible forces is true also for incommensurable. 
To take away however all kind of doubt we subjoin the following redtu:tio ad 
aJbsurdum. 

Let AB, AC represent any two incommensurable forces; complete the 
paraUellogram ABDC, and if AD be not the 
direction of the resultant, let it be AE. 
Suppose AC to he divided intofa number of 
equal parts, each part being less than ED, 
and suppose distances of the same magni- 
tude to be set off along CD, beginning at C, 
then one of the divisions must fall between 
B and D ; let i^ be the point which marks 
the division, and complete the parallelo- 
fpraxa AGFC, then AF is the direction oi the resultant of the commensurable 
forces AOf AC: but AF makes a larger angle with AC than AE, that is, the 
resultant of AO and AC lies further away from AC than the resultant of AB 
and AC, although ^6r is less than AB, which is absurd: hence ^^ is not the 
direction of the resultant ; and it may be shewn in like manner that no line 
is in that direction except AD. Hence the proposition proved in the text for 
commenstirable forces, is true also for incomm>ensurable. 

4—2 
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lelogram; therefore ^2>=-fiO': hat BC'= A J/: therefore 
AD=^AD\ And by construction AI/ represents the re- 
sultant oiAB and AGm magnitude; therefore AI> also 
represents the resultant. 

/. If two forces, &c. q.e.d. 

5. We have thus established the proposition knoivn as 
the Parallelogram of Forces, without appeal to experiment 
as in Chap. ii. ; and the proposition may now be supposed 
to rest upon the same kind of evidence as the theor^ns of 
EucM. 

6. The proposition is sometimes stated in a form, in 
which it is called the Triangle qf Forces, We will enun- 
ciate it afi follows. 

Prop. If three forces ^ acting in the same plane, be in 
equilibrium upon a particle, and if in thai plane we draw 
any three straight lines parallel to the directions qf the 
forces, then the three sides of the triangle so formed will be 
in the same proportion a>s the forces. 

Let be the particle, P, Q, R the 
forces; upon the directions OP, OQ set 
off Op, Oq proportional to P and Q: 
complete the parallelogram Oprq, and 
join Or, then Or is in the same straight 
line with OB, by the parallelogram of 
forces ; and the three lines Op (or rq), 
Oq, Or are proportional to P, Q, B, 
respectively. 

Now dniw three straight lines AB, BC, A C, parallel to 
the directions of P, Q, B respectively, that is, parallel to rq, 
Oq, Or; then the triangle ABC so formed is similar to the 
triangle rqO; 

.'. AB I BC : AC :: rq \ Oq \ Or, 

:: P ; Q : i?. 

.*. If three forces, &c q.e.d. 

Cob. Hence, if two sides of a triangle, taken in order 
from an angular point, represent in magnitude and direction 
two forces which act at that point, then the third side, not 
taken in the same order ax the other two, will represent the 
resultant. Thus if AB, BC represent two forces acting on a 
particle at -4, then A C (not CA) will represent the resistant 

7. We may generalize this proposition still further, and 
deduce what may be called the Polygon qf Forces, 
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Peop. Xf the sides qf a polygon ^B, BO, CD, DB,... 
NP, PA, represent in magnitude and direction forces 
acting upon a particle, these forces will prodiu^e equili- 
brium; and any one of the sides, as AP, taken in the 
opposite direction to tJiat above supposed, will represent 
the resultant ofaXL the rest. 

Join AC, then AC represents the resultant of AB, BC, 

Join AD, then AD represents _ n_ 

the resultant of AC, CD, i.e. of 
AB, BG, CD. 

And so on : hence AN repre- ^^ 
sents the resultant of AB, BC, 
CD, DE. 

But the forces reiH*esented by -^ 
AN, NP, PA, are m equilibrium; C 

hence the forces represented by AB, BC, CD, DE,.,.NP, 
PA are in equilibrium. 

Hence the first part of the proposition is true; and the 
second immediately follows. 

/. If the sides of a polygon, &c. q.e.d. 

Obs. It may be remarked that the straight lines, AB, 
BC, &c., need not be all in the same plane. 

8. The student is already acquainted with the applica- 
tion of the parallelogram of forces to the resolution of a force 
into two components in any directions (Art. 12, p. 12), and 
he will remember that we especially called attention to that 
case of resolution in which the components are at right angles 
to each other (Art. 14, p. 14). We shall now proceed to 
apply the principle of resolution and composition of forces 
to the following very general proposition. 

Pkop. Any number of forces act at t?ie same point, 
their directions all lying in the same plane; to find tJte 
direction, and magnitude of the resultant. 

Let P be any one of the forces acting y 
at the point A. Let the plane of the 
paper be that in which the forces act; 
in ihsit plane choose any two lines at 
right angles to each other, AX and A Y, 
and let 6 be the angle which the direc- 
tion of P makes with AX, Then P is 

equivalent to 

P cos acting in the direction AX, 

togrther with P sin ^ AY, 
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In like manner, a force P\ the direction of which makes 
an angle 0^ with AX^ is equivalent to 

P' cos ^ acting in the direction AX, 

together with P' sin 0" A Y, 

And so on for any number of forces. Hence, adding together 
the forces which act in the same direction, we shall have a 

system of forces P, P', acting at angles ^, ^ with 

the line AX, equivalent to ^ 

Pcos^4-P'cos^+ acting in the direction AX, 

together withP sin ^+P'sin^+ A Y. 

For shortness' sake, let 

Pcos^4-P'cos^4- =X, 

and 

Psin^ + P'8in^+ = F; 

and let R be the required resultant, ^ the angle which its 
direction makes with the line AX; then 

Iicoa<l>=X, 

B sin<^= F; 

/. tan^=^, I^=X*+Y\ 

9. "We subjoin some examples of the process of composi- 
tion described in the preceding Article. 

Ex. 1. A weight of 10 lbs. is supported A 
by two strings, each of which is 3 feet long, 
the ends being attached to two points in a 
horizontal line 3 feet apart; to find the 
tension of each string. 

Let A, BhQ the two points of support; 
A (7, BC the strings ; C the weight, T the 
tension of either of the strings, that is the force which it exerts 
upon the weight in the direction of its length. Draw CD perpendi- 
cular to -4 ^ ; then A£C\&9Xi equilateral triangle, and A CD = BCD 
=30«. 

Then resolving the two tensions vertically, we have for the 

n/3 
resolved part of each Tcos 30®=r-r-; and the two vertical 

resolved parts together support the weight of lOlbs. ; 

.-. T sjz^ia, 

or, T=l^lb8. 
Ex. 2. A particle placed in the centre of a square is acted 
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upon by forces of 1, 2, 3 and 4 lbs. 
respectively, tending to the angular 
points; to find the magnitude and direc- 
tion of the resultant force. 

Let A be the particle, and draw two 
straight lines AX, AT perpendicular 
to the sides of the square, as in the 
^gare. Then it will be seen that the 
amplication of the formulae of the pre- 
ceding article gives us the following ; 

22 cos 0=1 X cos 460+2 x cos 135<^ + 3 x cos 225« + 4 cos 316P, 

= cos 450-2 cos 45* -3 cos 45^ + 4 cos 45^ = 0; 
R sin 0=1 X sin 460 + 2 x sin 1350+8 x sin 2260 + 4 sin 3150, 
=sin 460 + 2 sin 46«-3 sin 460-4sin 460 = - 4sin450, 

= -2^2. 
/. 0=900, and i2=- 2 ij2\ i. e. the resultant is a force of 
2 fj2 lbs. acting in the direction opposite to ^ 7*. 

Ex. 3. If four equal forces act by strings upon a particle, the 
angles between the directions being 300, 46*, and 160, to find the 
direction in which the particle will begin to move. 

Let A be the particle; then the first y 
and last strings are at right angles to 
each other; therefore we may conveni- 
ently take them as corresponding to the 
lines of reference which we have called 
AX and A Y, Let AB, AC be the other 
two strings, and P the force exercised by 
each. Then we shall have 

R cos 0=P + P cos 300 + P cos 750, 
R sin 0=/> sin Z(fi+P sin 750 + P; 




tan 0= 



1+sin 30+sin750 



1 + ; + 



^/3 + l 

2x/2 



1 + cos 30 + cos 750 



, ^/3 x/3 - 1 
1 + ^- + ^ /- 
2 2V2 



_ 8/S/2 + V3+I 

2 ^/2 + Je+ Jz- 1 ' 
This formula may be reduced to numbers, and determin€d 
by means of trigonometrical tables. 

10. We have already enunciated in the form of the 
polygon of forces the most general conditions of the equili- 
brium of a system of forces acting on a particle; this may be 
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called the geometrical form of the conditions of equilibrium. 
We shall now investigate the conditions algebraically. 

Prop. To find the conditions of equilibrium of any 
system offerees, acting in one plane at the same point. 

Suppose the forces to be all reduced to one {It\ as in 
Art. 8 ; then in order that there may be equilibrium, we must 
have 

or x«+ y«=o. 

And this equation cannot be true, unless we have 

X=0 and Y=0; 
or Pcos^ + P'co8^+.».=0, 
Psin^ + P'sin^+... = 0. 
These are the conditions of equilibrium ; and they may 
be expressed in words by saying, that the sum qf the forces 
resolved in any two directions perpendicular to each other 
must vanish. 

11. We shall now illustrate these principles of equili- 
brium by applying them to several examples. 

Ex. 1. If three forces, P, Q, H, he ia equilibrium upon a 
point 0; then 

P : Q : iZ :: sin QOR : sin HOP : mn POQ. 

This immediately follows from the triangle qf forces, For 
referring to the figure of Art. 6, we have 

P :Q: R::AB:BO:AC, 

:: Bin A CB : sin BA C : sin ABC, by Trigonometry, 
:: sin QOR : sm ROP : sm POQ. 
It will, however, be worth while to deduce the result from the 
principle of the preceding Article. 

Draw any two straight lines OX, 
OF at right angles to each other, and 
let XOP=e, X0Q=4>y XOR^yp, 
these angles being all measured the 
same way round from OX. 

Then, in order that P, Q, R may 
be in equilibrium, we must have 
-P cos ^+ Q cos 4> + R cos ^=0, 
PBme+QBm4>+ R sin lp=: 0. 
Multiply these equations by sin ^ 
and cos yf/ respectively, and subtract ; then we have 
P (sin ^ cos d - sin d cos ^)+ Q (sin ^ cos - sin cos ^) = 0, 
PBin (^-^) + Qsin(^-0) = O; 




or 
but 



^-^ = 3600-i2OP, and ^-0=QO/2, 
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-P elm HOP + Q ma QOR=0, 
P Q 



or 



sin QOM sin JtOP 
Hence we may conclude that 

P Q R 



ad before. 




sin QOJt ~ Bin JlOP ~ sin POQ* 

Ex. 2. A small ring JB is attach- 
ed to the extremity of a thread AB, 
which is fastened at ^. CBW h 
another thread passing through the 
ring B and supporting a weight W* 
To find the position of ^ ; ^ and O 
being in the same horizontal line. 

We are to regard the ring ^ as a 
particle, kept at rest by three forces 
acting in the directions of the three portions 6f threlkd whi6h 
meet in it. Concerning the force exerted by AB, in other words 
the tension of the thread, we know nothing, we will therefore 
denote it by a symbol T; the length of -4^ is given, call it t. 
With regard to the other thread, we observe that the force 
exerted by the upper portion of it, CB^ must be equal to thut 
exerted by the lower portion BW, in other words, the tendon is 
the same throughout the same thread ; therefore we shall have a 
force W in the direction BC, and another force W in the direction 
BW. The distance A C must be given, call it a. And let BA C= 0, 
ACB=<f>, 

Then, resolving the forces horizontally and vertically, we have 
the two following equations ; 

^ cos ^-Troo8^=*0 (1), 

Taine+WBm ^-TTitO ...vw (2). 

But these equations involve three unknown quantities, T, 6, 
and 0, therefore we must have one other relation between them ; 
this is supplied by the trigonometrical conditions of the triangle 
ABC; for we have 

l^^^A^ ^,.., (3). 

Now multiplying (1) by sin 0, and {^ by cos 6, and subtract- 
ing, there results 

W (sin 6 cos <f>+ oos $ dn^)-W cos ^=0, 
or, sin (0+<f>)= cos 6, 

or, 0=9O«-2d (I). 
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.-. from (3), - = ^— , 
a sin 

a 







7* 

The + sign must be taken for the radical, since it is evident 
that d must be less than 180®. The value of 6 thus found 
eniirely determines the position of B, 

Ex. 3. A rod BO is movei^ble in a 
vertical plane about a hinge at ^ ; a thread, j 

attached to a point A in the same horizontal 
line as B, passes over the extremity of the 
rod and supports a weight TT. Omitting the 
weight of the rod, it is required to find the 
position of equilibrium. 

In this problem we must regard the ex- 
tremity O of the rod as a particle, which is 
kept in equilibrium by the two forces exerted 
by the thread in the directions CA and CW respectively, and by 
that which the rod itself exerts in the direction of its length. 
The first two forces will be each equal to W\ the last we will 
denote by P, 

Then if AB=a, BO=h, BAC=0, ACB=<f>, we have, by 
resolving the forces horizontally and vertically, the following 
equations, 

. WcQBe'-Pcofi{0 + 4>) = O (1), 

17 sin ^-Psin {0 + 4>)+ W=0 (2); 

and we have also the Trigonometrical condition, 

a sin 

6=ssrs ^^^* 

Having obtained these tlpree equations, $, tft, and P may all 
be found, and the problem may be completed in the same manner 
as the preceding one. 

12. The preceding problems suggest some important 
remarks. 

The equations with which we have to deal in Statics are 
of two kinds ; those which arise from the two mechanical 
principles^ namely, the Parallelogram of Forces, and the 
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Principle of the Lever, and those which arise from the 
necessary geometrical conntM^ion of the different parts of 
the system. In considering the equilibrium of a particle, 
acted upon by forces whose directions lie all in one plane, 
the equations which result from the Parallelogram of Forces 
are two and only two ; and these we call the mechaniccd 
equations of the problem. If these equations involve only 
ttoo unknown quantities, they contain the complete solution 
of the problem ; but if, as is frequently the case, they contain 
more than two, then other relations among the unknown 
quantities must be sought from geometrical considerations ; 
the equations so found, which of course contain no forces, 
but only lines and angles, are called geometrical equations. 
And in the solution of problems it is always necessary to 
obtain as many equations as there are unknown quantities 
involved ; so that if there be n unknown quantities, we 
must, before we can solve the problem, obtain n—2 geo- 
metrical relations among them. 

It may be further remarked that the greater number of 
statical problems may be solved in more than one way. 
The advantage of the general method given in p. 56 is, that 
it includes all kinds of problems, that it is simple in its 
principle and easily applicable in almost all cases. At the 
same time it must be allowed, that many problems may be 
solved more concisely by choosing methods peculiarly suitable 
to them. In the case of Ex. 2, p. 57, for instance, the equation 
(4), which together with the geometrical equation (3) contains 
the solution of the problem, may be obtained readily thus : 

The tension Tiain the direction of the resultant of the 
two tensions which act in the directions BC, B W, But these 
two latter tensions are equal ; therefore AB must bisect 
the angle between BC and B W, 

Now WBC=W+^\ 

WBC 
and by our principle, — — = BAG ^- BOA (Buc. i. 32). 

.'. 900 + ^^=2^ + 2^, 
or ^ = 90«-2^, 
which is the equation required. 

The same method will simplify the solution of Ex. 3. 
The student will often meet with cases in \^ich a little 
ingenuity will save much trouble; he should however on no 
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acooimt neglect the application of the uniform general 
method of p. 56, which, though not always the shortest, is 
certainly the surest. Sometimes a geometrical construction 
will be able to take the place of elimination amongst several 
equations, and, when familiar with the subject, tie student 
may adopt in each problem the method which seems to him 
best ; but he must remember that he is studying Mechanics 
and not Geometry^ and therefore those methods are the 
most important and best^ which exhibit from the clearest 
point of Tiew the mechanical conditions of the problem. 



EXAMINATION UPON CHAPTER V. 

1. Prove the parallelogram of forces, so far as the direction 
of the resultant is concerned, for wmmensuraJble forces. 

2. Extend the proof to the case of ineommenBurahle forces. 

S. Assuming the parallelogram of forces so far as the direction 
of the resultant is concerned, prove it as to magnitude, 

4. Enunciate the Tricvngle of Forces, 

5. Enunciate the Polygon of Forces. 

6. Determine algebraically the direction and magnitude of 
the resultant of any number of forces acting in given directions 
at the same point, the direcUons being supposed to lie all in one 
plane. 

7. Investigate algebraically the conditions of equilibrium of 
a particle under the action of any forces whose directions all lie 
in one planew 

8. The resultant of twt> forces which act at right angles to 
each other is equal to n times the geometrical mean between 
them ; find the ratio of the two forces, and the smallest value of 
n for which the problem is possible. 

9. Griven the sum of two forces, and their resultant when 
they act at an angle of 60^ with each other ; find the forces. 

10. A and £ can each carry a weight of P lbs. What 
weight can they carry between them, when walking a feet 
apart, by means of two cords, each b feet long, attached to the 
weight) 

11. Twa equal weights (YF) are attached to the extremities 
of a thread, which is suspended from three tacks in a wall, forming 
an eqtiilateral triangle ; find the pressure on each tadc. 
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12. In the preceding problem find the vertical strain upon 
each tack, Bupposing the base of the triangle to make an angle B 
with the horizon. 

13. A particle at the centre of a regular hexagon is urged 
towards the six angular points by forces equivalent to 1, 2, '6^ 4, 
5, 6 lbs. respectively ; determine the direction and magnitude of 
the resultant. 

14. A, B, and O pull at the ends of three ropes which are 
knotted together in 0: B and C are of equal strength, and A is 
as strong as B and € together ; what help will B and C require 
to maintain in equilibrium against A when ^90(7= 60^? 

15. A fine thread has a small ring at one extremity; the 
other extremity is passed through the ring and attached to a 
weight ; the whole is suspended by means of the loop thus formed 
from two smooth tacks in the same horizontal line; determine 
the position of equilibrium. 

16. In the preceding problem find the direction and magni- 
tude of the pressure upon the tacks. 

17. A given force R is divided into two others P and Q 
(P+Q=i2); prove that the resultant of P and Q, supposed to 
act on a point at right angles to each other, will be least when 
P=Q. 

18. Six men pull by means of a rope 100 feet long attached 
to the top of a tree 60 feet high towards the South; and five 
men by means of a rope 12 feet long towards the East; find in 
what oirection the tree will fall. 



CHAPTER VI. 

DEMONSTRATIVE MECHANICS. PRINCIPLE OF THE 
LEVER. THEORY OF COUPLES. CONDITIONS OF 
EQUILIBRIUM OF A RIGID BODY, THE DIREC- 
TIONS OF THE FORCES BEING ALL IN ONE PLANE. 



1. TN the preceding Chapter we have been concerned 
X entirely with the equilibrium of forces acting on a 

partids, or the conditions under which a particle acted upon 
by any system offerees whose directions are in one plane can 
be at rest. In the present we shall be occupied with the con- 
ditions of equilibrium of a rigid body ; we have already, in 
Chap, in., considered the particular case of two weights 
suspended upon a lever, and we shewed, experimentally, that 
the condition of equilibrium was the equality of the moments 
of the two weights about the fulcrum : we shall now shew 
how this and some more general results may be deduced 
from the Parallelogram of Forces, which in the precedinjj 
Chapter we have demonstrated. 

We shall commence with the Principle of the Lever, 

2. Prop. If two forces ojcting at the extremities of 
a lever, and tending to twist it opposite ways, produce 
equilibrium, the moments qf the forces about the fulcrum 
are equal. 

I. Let the directions of the forces be not parallel. 

Let P and Q be the forces, acting 
at the extremities A,B,oi the lever 
AB, Produce the directions of P 
and Q until they meet in C; then P 
and Q may both be supposed to act 
at C. Take Cm, Cn, proportional ^ /" \ 

to P and Q, and complete the paral- ^ \ 

lelogram Cmpn ; join Cp and produce it to cut AB in O, 
then the resultant of P and Q acts in the direction CO, and 
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therefore must be the fulcrum, otherwise there could not 
be equilibrium. Draw OD, OB perpendicular U) AC, BC ; 
then 

P _ Cm _ Cm _ sin Cpm sin nCp 

Q~^ On" mp ~ sin mCp sin mCp 

PC sin OCE _ OE 

~ OC sin OCD OD * 

.-. P.OD=Q,OE, 

or the moments of P and Q about are equal 

II. Let the directions of the forces be parallel. 

In this case the directions of the forces, when produced, 
will not meet in a point, as supposed in the preceding 
investigation; and we must therefore slightly modify the 
method. 

kt A and B apply any two equal and opposite forces 
S in the direction of the 
lever; this will manifestly 
not affect the equilibrium; 

then the resultant of P and S <: ^k^ — '"A.. X" — ^^ 
S will be a force in the 
direction GA, suppose, and 
that of Q and aS' a force in p Q 

the direction CB, Suppose them both to act at (7, and 
there to be resolved into their constituent parts P and S, 
Q and 8\ the portions S, S will destroy eadi other, leaving 
a resultant P + 6 in the direction CO parallel to the 
directions of the forces. 

Then the sides of the triangle AOC are parallel to the 
directions of the forces P, S and their resultant ; therefore 
by the triangle qf forces (Art. 6, p. 62), 

P CO 

S" AO' 

In like manner •* = ^^ ; 

.-. P.AO = Q.BO, 

If the forces P and Q be perpendicular to the lever, 
this formula proves the proposition ; if not, from O draw 
OD, OE perpendicular to the directions of P and Q ; then 
the triangles AOD, BOE bemg similar, we have 
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AO 
OD 



BO 




OE' 
and .'. P.OD = Q.OE. 

Hence 1/ two forces, &c. q.b.d. 

3. We have in the preceding demonstration supposed 
that the two forces act at the extremities of a straight 
rigid rod; but it is not difficult to see, that the proposition 
is true of two forces acting in the same plane upon any 
rigid body one point of which is fixed* 

For let P and Q be two forces acting at the points A 
and ^ of a rigid body, in 
which the point O is 
fixed. Through O draw 
any straight line A'OW, 

meeting the directions of ^ — ■ Q 

P and e in ^' and ^ re- 
spectively ; then P may be supposed to act at ^', and Q 
at B, and thus the problem is reduced to that of two forces 
acting at the extremities of the straight lever A'OBf, 

4. We shall now proceed to the general problem of 
the equilibrium of any number of forces, acting in the 
same plane upon a rigid body. The most elegant method 
of treating the problem, and the simplest, is that which 
depends upon the properties of couples, which we must 
therefore in the first place explain. 

5. Dbv. Two equal and opposite forces acting at 
right angles to a rigid rod are called 
a couple. 

Let the two forces, P, P act in 
opposite directions upon the extre- 
mities of AB, and perpendicularly 
to its length, then ^^ is called the 
arm of the couple, and P.AB \a 
called its moment, 

6. Now the peculiarity of a couple is this, that it is 
the only case qf two forces acting upon a lever, in which 
it is impossible to find a third force which wiUwith tlie 
other two produce equilibrium. If possible let C be a 
point in the direction of AB produced, at which a force 
may be applied which shall be in equilibrium with the two 
forces of the couple. Then by what has been already 
proved (Art. 2) we must have 
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P.AC:^P.BCy 

or AC^BC; 
which is impossihie. 

The same truth may he seen from the foUowii^ gimple 



P 
A 



I 



ooDsideratioD. Suppose a force 

applied at (7 to he capahle of 

keeping the system in equilibrium ; 

then producing AB and making 

jBD=^AC, a force applied at 2>, 

in the direction opposite to that 

which we supposed applied at (7, "^ 

will be situated exactly in the same manner with reference 

to the couple as that at C: so that if a force at C can keep 

the system in equilibrium, an opposite force applied at I) 

can do the same, which is absurd. 

Hence we may conclude, that the effect of a couple 
upon a rigid rod will be to tend to make the rod tieist 
about its middle point. 

7: The application of the method of couples to the 
investigation of the conditions of equilibrium of a rigid 
body depends upon the three following propositions. 

8. Pbop. The ^ect qf a couple is not altered hy 
turning its arm about one extremity through any angle 
in the plane qf the forces. 

Let P, P be the forces, AB the aim of the couple: 
through A draw AB equal 
to ABy and making any angle 
with it: at -4 apply two op- 
posite forces, in the direction 
perpendicular to ^^, and 
each equal to P; we shall 
call them P* and P" for dis- 
tmction's sake, but it will be 
borne in mind that they are 
each of the same magnitude 
as P. At jS', in like manner, 
apply the equal and opposite forces P'^ P^, as represented 
in the figure. Produce the directions of P at By and P' at 
B, to meet in C\ then P, P' may be supposed to act at C\ 
y&nAC. 

5 
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« 

Now in the triangles BAG, BAC^ we have AB^AB^ 
and AC common, and the right angle ^^(7»the right 
angle AB!C\ .*. BG=BC, and the triangles are equal in 
all respects. 

Henoe AC bisects the angle between the two equal 
forces P, P'; and therefore P, P' acting at G will have a 
resultant, {R suppose,) in the direction CA, 

Again, since PA is parallel to P(7and ^(7 meets them, 
the angle PAC=PGA\ in like manner the angle P'-^ (7 
=P'GA ; hence the forces P, P* acting at A will have a 
resultant R, in the direction AG, 

The two forces R, R, acting at A and C!', in opposite 
directions, will neutralize each other; and thus the only 
forces left are P" at A, and P" at B, That is, the couple 
with the arm AB has been transformed into a couple with 
the equal arm AB\ and equal forces. 

.'. The ^ect of a couple, &c, q.e.d. 

9. Prop. The ^ect of two ccmpki, the arms qf which 
have a common extremity, and which tend to twist in the 
sams direction, is the savne provided their moments are 
equal. 

Let AB be the arm of a couple ; P, P the forces. At 
A apply a force greater than P,P + Q p^Q p 

suppose ; and at G, a point between A 
and B, apply the force P+Q in the 
opposite direction. 

Then the two opposite forces P + Q 
and P, acting at A, will be equivalent 
to a force Q acting in the direction of 
the former; and by what has been 
proved in Art. 2, the force Q at A, and the force P at B 
will be in equilibrium with the opposite force P + Q at G, 
provided 

Q,AG=P.BC, 
or {P + Q)AC==P{AG+BG)=: P. AB. 

Hence the original couple will be entirely coimteracted, 
by the new couple which we have applied, which has the 
same moment ^d tends to twist in the opposite direction. 

.'. The effect of two couples, Ac, q.b.d. 

10., Taking this proposition in conjunction with the last, 
we see that if one extremity qfthe arm he given the effect 



B 



P+d 
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qfa couple depends entirely upon its moment; hence it is 
not unusual to denote a couple by its moment ; thus if we 
have a couple of which the forces are P, P, and the arm a, 
we should call it the couple P . a. 

11. A couple which is equivalent to any number of 
couples is called the resultant of those couples ; and those 
couples are called with reference to that resultant compo- 
nent couples, 

. 1 2. The algebraical sign - , which we have found useful, 
tA designating the direction of a force, may also be applied 
with advantage to couples : thus, if we have two couples, 
one of which tends to twist a body in one direction and the 
other in the opposite, we may distinguish them by the signs 
+ and — attached to their moments. In the preceding pro- 
position, for example, we obtained the result, 

{P^Q)AC=P,AB, 

or {P + Q)AC-P,AB=0. 

If we agree to call one of these moments positive and the 
other negative, we shall have this result, 

the algebraical sum of the moments ~d. 

This result we shall generalize and further elucidate by 
the following proposition. 

13. Prop. The resultant of any number qf couples^ 
the arms o/ which have a common extremity, is that couple 
which has /or its moment the algdyraicai sum of the mo- 
ments of the component couples. 

Let Pa, P'd, P"a", be the couples; and let us 

reduce all tho couples to the arm a ; thus the couple P^a' 
will be equivalent to a couple having an arm a, and force 

P'.-, sincePV = P'.-'.a, (Art. 9); and P'V wiU be 

a" 
equivalent to a couple having an arm a, and force P". — ; 

and so on. 

Now suppose i? to be the resultant of the forces acting, 
at either end of the arm a, when the couples have been all 
reduced to that arm ; 

:.R=P+P'.-+P'\-^ 

a a 

&— 2 
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And by the process adopted, the couples are all reduced 
to one, having an arm a and force R ; 

.*. the moment of the resultant couple = i2. a» 

=Pa+P'€^^-P^</'+ 

If the couples should not all tend to twist in the same 
direction, the moments of those which tend in the direction 
opposite to Pa will be negative. 

.'. The resuUanty &€• q^d. 

14. The three propositions which have been proved in 
Arts. 8, 9, 13, contain (as was announced) all the necessary 
properties of couples, when we consider Uie action of forces 
in one plane oiUy. We shall now apply the theoiy of 
couples to the investigation of the conditions of equilibrium 
of a rigid body, the direction of the forces lying all in one 
plane. 

16. Prop. Any iyttem qf /orees, {the directions qf 
which lie in one plane,) acting upon a rigid body, may he 
redticed to a single force, and a single couple. 

Let P be any one of the forces, acting 
in the direction BP, Take any point A 
in the plane of the forces; and at A 
apply two equal and opposite forces P, 
parallel to BP ; this will not affect the 
condition of the body. Draw AB per- 
pendicular to BP. Then instead of the 
force P acting in direction BP we have ^ 
now the force P acting at A parallel to BP^ and the couple 
P.AB, 

In like mamier, each of the forces may be reduced to a 
force at A parallel to its direction, and a couple the arm of 
which has A for one extremity. 

Now all the forces at ^ are equivalent to ons restdtant 
force (Art. 8, p. 53) ; and all the couples the arms of which 
terminate in A are equivalent to one resultant couple 
(Art 13). 

.*. Any system, Ac. q.ild. 

16. It is easy to see, that the resultant force spoken of 
in the preceding proposition will be the same wherever the 
point A is taken ; for if P be any one of the forces, the 
angle which its direction makes with any given straight line 
through A, P may be resolved into P oos parallel to that 
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line, and P sinO perpendicolar to it (Art. 8, p. 53); and 
other forces P', P". . . may be resolved in like manner : henoe 
if i2 be the resultant force, and <^ the angle which its 
direction makes with the line from which 6 is measured, we 
haTe 

i2cos<^=Pcostf4-P'cos^+ ... 

i^sin^=Psintf+P'sin^+... 

niiich results are altogether independent of the position of 
A. But in calculating the moment of the resultant couple 
we must find the algebraical sum of the moments qf ths 
Jbrces with respect to A : thus if AB=a, and the perpen- 
dicular distance from A upon the direction of P^ be </, and 
so on, we have 

moment of resultant oouple= Pa + P'a' + ; 

and this quantity manifestly depends for its value upon those 
of a, a^...that is, upon the position of A. 

17. From the preoedmg proposition we can at once 
deduce the Conditions qf equilibrium for a rigid body. 
For we have already shewn that a force and a couple cannot 
counteract each other (Art. 6); hence, if a system of forces 
be reduced to one resultant force, and one resultant couple, 
the two must separately vanish, that is, we must have 

« 

resultant force = 0, 
moment of resultant couple = 0. 

The former of these conditions divides itself into two ; for 
(as in Art. 10, p. 56), if a force = 0, each of its components 
must = 0. Hence according to the notation adopted in the 
preceding article, we shall have for the conditions of equili- 
brium of a rigid body 

Pcostf+P'cos^ + = (1), 

Psin^+P'sin^+ = (2), 

Pa+PV4^ =0 (3). 

^e equations (1) and (2) maybe called the equations of 
equilibrium as regards translation, and are identical with 
those which hold for a single particle ; equation (3) may be 
called the equation of equilibrium as regards ttcisting or 
rotation, and is peculiar to the case of a rigid body. 

18. It is worthy of remark, that if a rigid body be 
capable of motion only about a certain fixed axis, the three 
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eqiuUions of the preceding article are reduced to one; fol* 
in this case any tendency to translation will be counteracted 
by a pressure on the axis, and the sole condition of equi- 
librium will be that the resultant moment of the forces about 
the axis shall be zero. Nevertheless we may in this case 
apply the three equations, if we desire, not only to determine 
the position of equilibrium for the body, but also to deter- 
mine the pressure upon the axis : for let R be the pressure 
upon the axis, <^ the angle which the direction of R makes 
with the line firom which 0, ^...are measured; then the 
equations (1), (2), of the preceding article, will become 
/2cos<^+Pcos^+P'cos^+... = 0, 
/2sin<^ + Psin^ + P'sin^+... = 0; 
and these will determine both R and <^. 

19. We shall defer the full application of the equations 
of equilibrium until we have discussed, as we propose to do 
in the next chapter, what are called the Mechanical Powers, 
or the simplest cases of Machines; these might be con- 
sidered merely as examples of the principles of this and the 
preceding chapter, but it will be convenient to group 
together (as is usual) in one chapter those problems which, 
have a practical bearing, and then to collect in another such 
examples as may be considered chiefly theoretical and only 
useful as illustrations of Mechanical Principles. We shall 
however illustrate the meaning of the equations of this 
chapter by a few simple applications. 

Ex. 1. AB\s tk vertical post 
moveable about a hinge at B\ two 
men at C and Z> pull at the post 
by means of cords attached at A ; 
given the height of the post and 
the lengths of the cordcf, compare 
the strengths of the men when AB 
remains vertical. 

Let AB=^p', CA=l; DA=^V; P, P" the forces exerted by the 
two men. Draw BE^ BP perpendicular to A Cf AD respectively ; 
then for equilibrium we must have 

moment of P about ^= moment of P* about B^ 
or P. B£=P'.BP; 
but by similar triangles ABC, BEC, 

AB BE 
AC~ BC* 
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similarly, £F=^ s]V*^\ 

This formula gives* us tlie ratio required. 

Ex. 2. We see from the preceding iDvestigation that the 
effect which a man can produce, by means of a rope attached in 
the manner described, is measured by the moment of the force 
which he exerts, not by the force itself. Let us illustrate thid 
by inquiring under what circumstances a man can 
with the greatest advantage pull at a tree AB, 
by means of a rope of given length CD, attached 
to a point D in the tree. 

Let F be the whole force which the man can 

exert; CD=l; DCB=6; dr&w B£ perpendicular 

to CD ; then the Tnoment of F about B 

=FxBE=FxBCaiie, 

PI 
=2? X Z cos ^ sin ^= — sin 2^. 

Now sin 2^ has its greatest Value when 2^=90^ or ^=45^ 
In this case BO=BD; or the man will pull to the greatest 
advantage, when the height of the point of attachment of the rope 
is equal to the man's distance from the tree: and the moment 
produced will be equal to that which would support the greatest 
weight the man can lift, suspended from the extremity of a rigid 
rod half as long as the rope. 

Ex. 3. Let us inquire in Example 1, what will be the pres- 
sure sustained at the point B, 

Let B be the pressure, and 4> the angle which its direction 
makes with BD ; also let J CB= 6, ADB =i' ; then we must have, 

' R cos 0-P cos 0+P' cos^=0 (1), 

R sin^-P sin ^-P' sin ^=0 (2), 

these equations correspond to (1) and (2) of Art. 17. The third 
equation of that article, or the equoMon of momentSf we have 
already used in Ex. 1 ; we will however repeat it, making use of 
our present notation ; it will be as follows, 

Pp cos ^- P'|) cos ^=0, (since BE=p cos B, BF=^T^ cos ff\ 

or P COB e-P^ cos ^=0 ...(3), 

equation (8) reduces (1) to the following, 

R cos -0^0; 
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and then Jt=sP nn d+P'm et, from (2). 

Hence therefore the pi'essure at B will be a verticcd pressnre, 
and equal to the sum of the vertical resolved parts of P and P', 
This is a conclusion which might have been anticipated ; but it is 
desirable to see how the result arises from the general equations 
of equilibrium. 

Ex. 4. AB ia a heavy beam, 3 

moveable in a vertical plane about 
A, and inclined to the horizon at an 
angle of 45®; required the force P^ 

which must be exerted by a man ^y^ >jt/^W 

standing at C, where AC^AB^ ta 

prevent the beam from falling. ^ ^ 

Let the weight of the beam be W\ this we may regard as a 
single vertical force acting at the centre of gravity G of the beam, 
and Q will be the middle point of AB if we regard the beam as 
uniform. Let P be the force required ; and AB—a. 

Then for equiUbrium the moments of P and W about A must 
be equal; 

.\ P-Aa sin ABC^ IFx | cos 46«; 

or P sin 22® 80'=*^ sin 450=* IF sin 22« 30' cos 22« 80'; 
.-. P= IF COB 22^80', 

2 tkj% 
which is the force required. 

Ex. 5. In the preceding example, as in Ex. 8, the two equations 
of equilibrium which we have not used will give us the pressure 
sustained by the ground at the point A, Instead of calling this 
pressure J2 as in the former instance, and denoting by the angle 
which its line of action makes with the horizon, we will take X 
and Y to represent its horizontal and its vertical resolved part* 
respectively. We shall then have, if we resolve horizontally and 

yertdoally, 

Z-P cos ^04=0, 
r-IT'.Psin^Ci-O; 
but BCA =*220 80', and P = IF cos 22« 80'; 

C. X=P cos 22« 80'= W cos« 22® 30'=^ (1 +cob 46«) 



f(-Ti)- 
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and r= W+ P sin 22® 30'= W{l+mn 22<> 80' cob 22® 300 

These two expressions for the resolved parts X and Y entirely 
determine the magnitude and direction of the pressure ; for if jB 
and have the meanings above assigned to them, we have 

i28=!X»+ r^, and tan 0= J* 

Ex. 6. The . general principlea of equilibrium require, that 
the forces resolved in (my two directions at right angles to each 
other should vanish, and that the moment of the forces about any 
point should also vanish.. We will illustrate this by resolving the 
forceain the preceding example in the direction of AB and perpen- 
dicular to it, and by taking the moments about B. In considering 
the problem thus we must regard the beam ^i^ as under the action 
of the four forces P, W, X and Y; and we will slightly vary the 
problem by supposing ^i^ to make with, the horizon a glyen 
angle 6 ; then we shall have 

TTsia 0+P cos --Xcos 6- Yon 0^0 (1), 

IT cos d-P sin -^^Zsin 6- Fcos ^=^0 (2), 

Xasin ^+ TT^ cos 6- Ya cos ^=0 (3). 

Multiply (1) by cos 0, and (2) by sin 0^ and by subtraction 
there results, 

P f COS cos ^+sin ^ sin - j - X=0, 

or X=P cos -. 

Again, multiply (1) by sin 0, and (2) by cos 0, and by addition 
we have 

W+ P (sin^oos^r-cofl^sm 



(sin^oos^'COfl^sm-j- Y= 0, 



therefore from (3) 
IF COS ^ 



or Y=W+P Bin jr; 



= YcoB0-Xaii0, 



= IF cos 0+P f sin- cos d-sin ^cos-j, 



= IFcoB^-PBin|; 
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cos 



P = W 



6* 
2 sin - 
2 



-- „„ cos 



0' 
2tan- 



If ^=45^, these results agree with those akeady obtained. 

20. We will conclude this chapter by shewing how the 
principle of the lever may be established independently 
of the parallelogram of forces, and how it may then be 
made the basis of a system of Statics. 

21. The demonstration depends upon the following 
axiom. Tico eqital weights W, W, supposed to be connected 
by a rigid rod without weight wUl A. 
balance upon the middle point of the rod w w 
and will produce there a pressure equal to 2W. This 
axiom there is no difficulty in admitting, because, the 
weights being equal, there is no reason why one of them 
should descend rather than the other; and moreover, if 
the middle point of the rod be supported, the supporting 
point sustains the two weights, and therefore the pressure 
upon the point must be measured by the sum of the 
weights. 

Hence it follows, that a imiform rod or cylinder will 
balance about its middle point, and will produce there a 
pressure equal to its weight ; this is sometimes expressed 
by saying, that the statical effect of the rod or cylinder is 
the same as it would be if collected at its middle point. 
The truth of this immediately follows from the axiom just 
now enunciated, because we may consider the rod as cut 
up into any number of equal weights, and as each pair 
equidistant from the centre may be collected at the centre, 
the whole may be so collected. 

22. Now let us take a imi- ^ f C i) f b 
form heavy rod AB, the weight * 
of which is P + Q. This rod 
will balance about its middle 
point C. 
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Divide AB in Dy ao that 

AD : DB :: P : Q, 

then the weight of the portion AD is P, and that of DB 
ia Q. Let E be the middle point of AD, and F of DB; 
then the statical effect of the rod AD is the same as that 
of a weight P suspended from E, and that of DB as that 
of a weight Q suspended from F, Hence the weights P 
and Q, suspended from E and F respectively, will balance 
about C; and we have now only to determine by geometry 
what is the relation of the two arms CE and CF, 

We have CE=AC-AE=BC'-ED=DB-CEy 

:, DB=2CE\ 
similarly, AD=^CF; 
but P I Q v. AD : DB, by construction, 
/. P : Q :: OF : CE; 
or P,CE^Q,CF. 

That is, the moments of P and Q about C must be equal ; 
which is the principle of the lever. 

The proposition thus proved for two weights is true for 
any two pai*allel forces, and we can easily deduce the case 
in which the forces are not parallel This has in fact al- 
ready been done in p. 25. 

23. Assuming the principle of the lever, we can noMi; 
prove the parallelogram of forces. 

Let Am, An represent in magnitude 
and direction two forces P and Q acting 
at the point A : complete the parallelo- 
gram AmBn, and draw AB, Also draw 
BC, BD, perpendicular to Am, An pro- 
duced. Now suppose ^^ to be a rigid 
rod or lever, moveable about B, and acted 
upon by the forces P and Q at A, Then 

P _ Am sin mBA _ sinw^ ^ _ BD 
Q ^ An sin mAB "~ siamAB " BC * 
or P. BC=Q.BD; 

therefore the forces P and Q would keep the lever at rest. 
And since the resultant of P and Q would produce the 
same effect as P and Q together, it also acting at A would 
keep the lever at rest. But no single force acting at A 
can keep the lever at rest^ unless it act in the direction 
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AB, in which case it will only produce a pressure upon B 
which we suppose to be fixed; hence AB is the direction 
of the resultant of P and Q, 

Haying thus proved the parallelogram of forces as 
regards direction, it may be extended to the magnitud& 
precisely as in Art 4, p. 51. 



EXAMINATION UPON CHAPTEB VI. 

1. From the parallelogram of forces deduce the principle of 
the lever» the forces not being parallel. 

2. Deduce the truth of the principle ^en the forces are 
parallel. 

8. Shew that the principle of the lever if proved for a rigid 
rod may be extended to the case of any rigid body. 

4. Define a couple, the arm of a couple, the nuiment of a 
couple. 

5. The effect of a couple cannot be counteracted by the 
action of any single forcow 

6. The effect of a couple is not altered by turning its arm 
about one extremity through any angle in tie plane of &e forces. 

7. The effect of two couples, the arms of which have a 
common extremity, and which tend to twist in the same direc- 
tion, is the same^ provided the moments be equal. 

8. Shew how to find the resultant of any number of ooaples 
having the same plane. 

9. Any system of foroes, the Erections of which lie in one 
plane, acting upon a rigid body, may be reduced to a single force: 
and a single couple. 

10. Investigate the conditions of equilibrium of a rigid 
body, the directions of the forces which act upon it Ijing all in 
one plane. 

11. Prove, without assuming the parallelogram of forces, 
that two weights will balance upon a straight lever if their mo> 
ments about the fulcrum be equal 

12. Assuming the principle of the lever, deduce the paral- 
lelogram of foroes so far as the directum of the resultant is 
concerned. 

13. If a man who can just lift 8 cwt., pull at a post as in 
Kx. 2, p. 71, by means of a rope twice as long as the post is 
high, find what horizontal force must be applied at its middle 
point to prevent it from falling. 
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14. In Ex. 3, p. 72, these words occur: ''This isa conclumon 
which might have been anticipated." Explain this passage. 

15. Solve the problem given in Ex. 4, p. 72, upon the sup- 
position of the angle which AB makes with the horizon being 
60®, and supposing also that a weight equal to half the weight 
of the beam is suspended from B, 

16. Under the circumstances supposed in the preceding 
example find the direction of the pressure at Ay and construct 
the angle which determines it. 

17. Three weights are suspended from the angular points of 
an equilateral triangle which is fixed in a vertical plane with one 
of its sides making an angle of 45® with the horixon ; find the 
moment of the weights with respect to the centre of the triangle. 

18. Two uniform beams of equal transverse section are fixed 
together by the extremities, so as to make with each other a 
right angle, and suspended from their point of junction; if one 
b^un be twice as long as the other, find the position of equili- 
brium. 

19. ABiBtk rod capable of turning freely about its extremity 
A, which is fixed ; OD is another rod equal toZABy and attached 
at its middle point to the extremity B of the former, so as to 
turn freely about this point ; a given force P acts at C in the 
direction CA : find the force which must be applied at D in order 
to produce equilibrium, the angle between the rods being given. 

20. If a set of forces, acting at the angular points of a plane 
polygon, be represented in magnitude and direction bv the sides 
taken in order, shew that their tendency to turn a body about an 
axis perpendicular to the plane of the polygon is the same through 
whatever point of the plane the axici passes. 



CHAPTER VII. 

ON MACHINES. 



1. A^^ contrivance by means of which force is 
./jl transmitted from one point to another, or by 
means of which force is modified with respect to direction 
or intensity, is called a machine. We have already had a 
simple instsLnce of a machine in the case Of the lever. The 
oar of a boat, for example, is a machine ; here the force 
applied at one end of the oar is converted into a force of 
propulsion at the rowlock ; and in the same sense a poker, 
a crowbar, a pair of scissors, the human arm, may all bo 
considered as machines. In this chapter we shall consider 
some other instances, and our purpose will be in each case 
to determine the conditions under which a certain force P, 
acting at one given point of a machine, will be in equilibrium 
with another force W, acting at another given point: P 
we shall usually call the power y and W the weight. Many 
machines are chiefly of practical use when they are in 
motion ; thus in the case of the steam-engine, the expansive 
force of steam is applied to put machinery in motion ; but 
all calculations connected with machines in motion belong 
to the science of Dynamics, not that of Statics, and we 
shall concern ourselves here only with examples of machines 
in equilibrium. 

We shall begin by explaining two or three methods by 
which the property of the Lever is rendered available for 
the purpose of weighing. 

2. The Common Balance, 

Let AB be a rigid rod, CD a small rigid piece attached 
to its middle point and perpendicular to it, and let D be 
supported by a string or otherwise. E, F are two scales 
or pans of equal weight suspended by strings from A and 
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B, Then it is evident that if A and B be equally loaded, 
the beam AB will be horizontal; 1> 

if not, the more heavily loaded "jf jt 

scale will cause the extremity to 
which it is attached to prepon- 
derate. And thus by plachig any 
given weighty as lib. for instance, 
in the scale E^ and putting such a 
quantity of any given substance into the scale F as shall 
allow of the beam AB being horizontal, we can weigh out 
a pound of that substance. 

3. The preceding explanation represents the balance 
in its simplest form, and exhibits its principles: in practice 
many modifications and additional contrivances must be 
introduced; much skill has been expended upon the 
construction of balances, and great delicacy has been 
obtained. It would be beyond the scope of this book to 
describe all the features in the construction of firstrate 
balances, by means of which a degree of accuracy has been 
arrived at, which is truly wonderful: there are however 
two or three points to which it will be desirable to call at- 
tention. 

The beam should be suspended by means of a knife-edge, 
that is, a projecting metallic edge transverse to its length, 
which rests upon a plate of agate or other hard substance. 
The chains which support the scales should be suspended 
from the extremities of the beam in the same manner. 

The point of support of the beam should be at equal 
distances from the points of suspension of the scales; and 
when the balance is not loaded the beam should be 
horizontal. 

To test the accuracy of a balance, first ascertain that 
the beam is horizontal when the balance is not loaded; 
then place two weights in the scales such that the beam 
shall be horizontal; lastly, change these weights into 
opposite scales, if the besun still remain horizontal the 
balance is a true one. 

The chief requisite of a good balance is what is termed 
sensibility; that is to. say, if two weights which are very 
nearly equal be placed in the scales, the beam should vary 
sensibly from its horizontal position. In order to produce 
this result two conditions should be satisfied; (1) the point 
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of support of the beam and the points of sogpension of the 
scales should be in the same straight line; the consequence 
of this will be that two equal weights in the scales will 
produce a resultant through the point of support^ th^ 
will therefore have no effect whatever in twisting the beam, 
and the deviation from horizontality will be the same for 
a given difference of weights however great the wei^ts 
themselves may be; (2) the point of support should be very 
near the centre of gravity of the beam, and a little above 
it; the nearer these two points are to each other the greater 
will be the sensibility, for the weight of the beam acting 
at its centre of gravity must be in equilibrium with the 
small difference of the weights acting at one end of the 
beam, and this difference of the weights will act at a greater 
mechanical advantage the nearer the centre of gravity of 
the beam is to the fulcrum. 

If the sensibility of a balance be very great, the addition 
of a small weight to either scale will cause the beam to 
oscillate, and some time will elapse before it attains its 
position of equilibrium; on this account the beam is 
sometimes furnished with a pointer and a graduated arc of 
a circle; if the pointer oscillates through equal arcs on 
opposite sides of the point which eorresponds to horizon- 
tality, we may be satisfied that the scales are equally loaded, 
without waiting to ascertain whether the beam will xdtir 
mately rest in a horizontal position. 

4. The common balance requires a series of weights 
in order to render it practically useful, but there is another 
kind of weighing machine in which one and the same weight 
is made use of in all cases. This is the instrument known 
as the Roman or Gonmion Steelyard. 

The Common Steelyard. 

Let AF be a rigid bar moveable about a horizontal 
pivot at C\ and from A let the weight W which we desire 

'" 
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to measure be snspended. P is a given moveable weight, 
which can be suspended fh>m any point J? of the bar between 
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C and F\ and it is evident, from the principle of the lever, 
that the larger is W the farther must the point of suspen^ 
sion E be from C, in order that the steelyard may be 
horizontal. Suppose then a certain weight suspended at 
A ; the point of suspension of P must be sh^ted until 
the steelyard is horizontal, and the bar is so gradvated 
that by looking at the number which is nearest to j& we 
can at once ascertain the weight of W, 

5. The process of graduating the steelyard deserves 
attention. 

Pkop. To graduate the common Steelyard, 
Remove the weights P and W, and suppose that under 
these circumstances the arm CF of the steelyard pre- 
ponderates ; find, by trial, the point B, such that if P be 
suspended from B the steelyard will be horizontal ; take 
CD=€By then the moment of the weight of the steelyard 
about C is the same as that of P suspended from D. Now 
let W hang from A, and P from any point E, then for 
equilibrium we must have 

WxAC=P^CD+PxCE=PxBE) 

W 
.*. BE = -Q- m AC 

Suppose that P= 1 lb. ; and make ^ successively = 1 lb., 

2 lbs., 3 lbs., &c., then the values of BE will be AC, 2AC, 
SAC,., and these distances must be set ofif, measuring 
from B, and the points so determined marked 1 lb,, 2 lbs,, 

3 lbs,, &c, 

6. Another form of this balance is that which is called 
the Danish Steelyard, in which the weight is fixed to the 
beam and the fulcrum is moveable. This is, for the greater 
number of purposes, not so convenient a construction as 
the preceding ; it is however not inconvenient for weighing 
small weights, when no great accuracy is required ; letter- 
balances are sometimes made upon this principla 

Prop. To graduate the Danish Steelyard, 
' ' ' ' ' I I I I I I I ij^i I I I I I I I 
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Let B be the point on which the instrument would 
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balance, if do weight were suspended at A ; and when tbe 
weight FC is suspended at ^ let C be the place of the 
fulcrum ; also let P be the entire weight of the instniment, 
which may be supposed to be collected at B, or which, in 
other words, will produce a downward pressure at B equal 
to JP. Then for equilibrium we mnat haye 

WxAC=PxBC=P{AB-AG); 
:.AC^^-^.AB. 

Hence, making ^^llb., 2lbB., 3lbs.... succesriTel;, we 
shall be able to mark upon the steelyard the corresponding' 
positions of the fulcrum; and when the beam is thus 
graduated we shall be able to ascertain the weight of any 
given body suspended from A, by obserring tlie mark of 
graduation wbi^ is nearest to the fulcrum. 

7. It will be seen that the distances between Qie snc- 
cessive marks of graduation on the common steelynrd are 
equal, but on the Danish imequaL In fact, tiie distances 
of the successive marks of graduation irom A, the ex- 
tremity of the beam which supports W, in the common 
steelyard form an arithmetical progression, in the Banish 
tiiey form a^ harmonicai. 

8. The principle of the lever may be conveniently ap- 
plied for the purpose of lifting or sustainii^ great weights ; 
this is done by means of a windlam or eapttan. 

The windlatt is used for such purp<«es as that of 
raising an anchor.' It may be described as a strong cylin- 




drical beam, moveable about a horizontal axis, the extrem- 
ities being inserted into two strong upright pieces in which 
they are capable of turning freely. One end of a rope is 
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coiled paiiiaJlf round the windlass, and to the other end 
is attached the anchor or the weight to be raised ; a 
number of apertures are made in the windlass perpendi- 
cular to its axis, and in these are insert«d short bars called 
handtpiket; bj means of these it is evident that the 
windlass may be made to revolve, and when bj itg revo- 
lution a handapike is brought inconTenientl; low it is 
taken out and reinserted in a more convenient piace. The 
windlass in the figure is represented with fixed bars, 
instead of tiaadspikes, which in some applications of the 
machine is a more convenient arrangement 

9. Some inconvenience arises from the neceasit; of 
dianging the position of the handspikes; 
this is avoided 'in the capitan, the prin- 
ciple of which is the same as that of the 
windlass, but the axis is vertical, and a 
person ma; therefore by moving his own 
position cause the capstan to revolve with- 
out changing the point of insertion of the handspike. 

10. In both the preceding coses the mechanical advan- 
tage gained depends of course upon the length of the 
hajidspike, which however is limited by considerations of 
practical convenience. The actual relation between the 
power and weight upon machines of this kind will be seen 
in the invcstigatioD of these conditions for the machine 
known as 

The Wheel and Axle. 
This machine consists, in its simplest form, of two cylin- 
ders having their axes coinci- 
dent ; the two cylinders form- 
ing one rigid piece ; the larger 
is called the wheel, the smaller 
the axle. The conl by which 
the weight is suspended is fast- 
ened to the axle and coiled 
round it ; the power may be 
supposed to act in like manner 
by means of a cord coiled 
round the wheel, as in the figure ; o 
by means of a handle, a 
and backet. 
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11. To find the ratio of P to W, when there is equi- 
librium upon the Wheel and Axle. 

Let AB, CD represent sections of the wheel and axle 
respectively, and O their common 
centre ; P and W the power and 
weight, acting by means of strings 
at the circumference of the wheel 
and axle respectively. 

For simplicity's sake P, W^ 
and the arms at which they act, 
are in the figure represented in 
the same plane. 

From the common centre O 
draw OA, OD to the points at which the cords supporting 
P and W touch the circumferences of the wheel and axle 
respectively; these lines will be perpendicular to the 
directions in which P and ^act ; hence, by the principle 
of the lever,, or in other words taking moments about O, 

PxAO^WxOD, 

P __ OD _ radius of axle 
fF~^0 ""radius of wheel' 

It is evidient that the larger the radius of the wheel, 
the greater will be the mechanical advantage, that is, the 
smaller will be the power P necessary to support or to 
raise any giveft weight W. 

12. The Pully. 

The Pully, in its simplest form, consists of a wheel, 
capable of turning about its axis, 
which may be either fixed or 
moveable. A cord passes over 
a portion of the circumference; 
if the axis of the pully be fixed, 
the only effect of the pully is to 
change the direction of the force 
exerted by the cord, and in this 
case no mechanical advantage is 
gained so far as the intensity of 
the force is concerned. Neverthe- 
less the contrivance may be very convenient; for example, 
if we wish to raise a heavy weight, we can frequently do 
so most conveniently by attaching to it a cord which passes 




On Machines. 



85 



over a fixed pully, as in the figure ; the efibrt, which must 
be exerted in this case to raise the weight, is the same 
as that which would be exerted to raise it without the 
intervention of the pully. 

But suppose we modify the preceding contrivance as 

follows. 

Let -<4 be a fixed pully as before, round which a cord 
passes, and let this cord, 
instead of being made 
fast to the weight fF, 
pass round a moveable 
pully B from which the 
weight depends, and then 
be made fast to a fixed 
point C, In this case, 
not only is the direction 
of the force changed, so 
that a person pulling 
downwards raises the 
weight, but also the force 
which he will have to 
exert will be equivalent 
to only half the weight raised; for instance, a weight of 
1 lb. suspended at the power end of the cord will raise a 
weight of 2 lbs. ; and we shall find that by various combi- 
nations of pullies still greater advantage can be gained; 
in fact, by a suflSciently complicated system of pullies we 
can make a given force support any weight however large. 
We shall investigate the relation of P to ^ in the case of 
the single moveable pully, and also in the case of several 
complicated systems ; these systems may be multiplied to 
any extent, but the method of finding the relation of P to 
W will apply mutatis mutandis to all. 

In practice the pullies are made of wood or metal, and 
are therefore heavy bodies, whose weight ought in strict- 
ness to be taken into account ; but for simplicity's sake we 
shall neglect the weight of the pullies, as for like reasons 
we shall that of the cord which passes round them. We 
shall also suppose the portions of cord to be parallel and 
vertical 

13. To find the ratio qf the Power to the Weight in 
the single moveable Pully. 
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Let be the centre of the puUy, which is supported by 
a cord passing under it and attached to a 
fixed point C at one end, and stretched by 
the force P at the other. Suppose the weight 
to be suspended from the centre 0. 

Then the puUy with its depending weight 
TV is supported by two strings AP and 
BC] the tension of the former is P, because 
by hypothesis the force P acts at the end of 
it ; that is to say, the string AP exercises a 
supporting force upon the pully equal to P. 
Now the string BC which acts upon the 
other side of the pully is similarly circum- 
stanced to AP, and must therefore exert an 
equal supporting force upon the pully. 
Hence on the whole the pully is acted upon 
by two equal forces, each equal to P, upwards, and by the 
weight W downwards, and therefore we must have 

2P=JVy 
P 1 

14. To find the ratio of the Power to the Weight, in 
a system cf Pullies, in which each ptdly hangs by a 
separate string. 

This system is represented in the figure, and is usually 
spoken of as the First System of 
Pullies. 

By the property of the single pully 
the tension of the string which sup- 

ports the lowest pully will be — . 

The tension of the string which sup- 

ports the lowest but one will be -^^ ; 

and so on. Let there be n pullies, n 

being any number; then the tension 

of the string which supports the n^ 

W 
pully will be -^ ; but this must be 

equal to P, since the tension of the string which supports 
the n^ pully is produced by the force P ; 




ir 



"■ IV~ 2-" 



It will be Been, that in this system the mechajiical ad- 
vastag^ gained inoreases rety rapidly with the number of 
puUies; thus if 

»i=2,awdght of lib. willBnpport 4IbB. 

• M=3, albs. 

n=4, ISlbH. 

16. Tojind the ratio qf the Power to the Weight, in 
a lyttem qf PvUiet, in which the gajne string pattee round 
ail the Pniiien. 

This system will be understood from the figure, and is 
known as the Second Syttem o/Puitie*. 

There are two blocks, the lower one move- ^ — ^^^ 1 

able, the upper one fixed, and each contwning 
a number of pnllieB. The same string goes 
round all the pnllies, and therefore the tension 
throughout will be the same, and equal te the 
power P. Let n be the number of strings at 
the lower block, then the sum of their tensions 
will be nP, and we shidl have 



nP= W, 



1 



W~ 



The mechanical advantage does not, in 
this system, increase so rapidly with the in- 
crease of the number of pullies as in the pre- 
vious system ; but on many accounts it is 
practically more convenient. 

16. To find the ratio qf the Power to the 
fVeight, in a gy>tem qfPutlieg, in which aS 
the tiring) are attached to the weight. 

This system is represented in the figure, 
and is known as the Third Syttem qfP'uSie». 

The tension of the string which supports P -pxx 
is P ; that of the next string is 2P, by the ' 

property of the single pully; that of the next is 2^P; and 
so on. Let there be n strings, then the tension of the last 
b 2*~'/'j and the srun of all the tensions is 

(1 + 2 + 2' + . ,. + 2--')^, or (2--l)i; 



^ 



But the sum of all the tensionB must be equal to W, since 
the strmgs support ' W; 

.-. (2--i)p= rr, or -^=2^. ' '■ "* 

For instance, 
ifn=2, a weight of lib. will euj^rt Slba. 

« = 3, Tibs. 

71=4, ISlbe. 

It will be seen, that the gain of mechaaical 
advantage in this system is neariy the same 
as in the first system of pulliee. 

17. The principles upon which the rela- 
tion of P to (f has been dctenniued in the 
preceding articles are (as has been already 
remarked) applicable to all syst^ns of pulliee, 
howeTer complicated, A rule may be giTen, 
as follows, but its meaning wiU be best seen 
by applying it to examples. Begin at the 
Power-end of the system, then the tension 
of the string which supports P will be equal to P through- 
out ; against each of the parallel portions of this string 
write P ; now proceed to the next string, find what its ten- 
sion is by observing how many strings, each having the 
tension P, produce it ; write the ^ 
expression for its tension against 
each parallel portion of it ; and so 
with the next string. When the 
tension of each string of the system 
has been written down, it is easy to 
see how many of them support W, 
and by adding their tensions toge- 
ther we have the relation between 
jP and H^ required. 

18. We will illustrate this by a 
rather complicated system, repre- 
sented in the figure- The P string 
occurs three times, and produces a 
tension ZP in the next string ; this 
again occurs three times, and there- 
fore produces a tension 3'P or 9i* 
in the next ; and so on. If we have 
three pullies, as in the figure, the 
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result will^be 

27P= W, or ^=^. 

If more generally we take n pullies, we have 

3-P=fr,or ^ = ij. 

19. The Inclined Plane, 

By an inclined plane is meant a plane inclined to the 
plane of the horizon, and the angle which it makes with 
the plane of the horizon is called the inclination of the 
plane. 

If a weight be placed upon a horizontal plane it will 
rest in the position in which we place it, because the effect 
of a body's weight is in this case only to make it press 
against the plane, which returns the pressure ; but if we 
place a weight upon a smooth inclined plane, unless it be 
supported, it will slide down, for, in this case, the tendency 
which the body has to descend is not entirely checked by 
the plane. In practice, a body will remain at rest upon 
the surface of a plane of considerable inclination, but this 
arises from the fact that in practice all bodies are more or 
less roughs and the roughness of the inclined plane will be 
sufficient to prevent a weight from sliding down it, if the 
inclination be not very great ; we shall say something more 
upon this subject when we come to the general considera- 
tion oi friction; at present we shall suppose that the 
inclined plane is perfectly smooth, that is, that it is in- 
capable of offering any resistance to the sliding of a body 
along its surface. 

The problem in the case of the inclined plane is this, 
to determine what force P, acting in a given direction, will 
support a given weight W, resting upon a plane of given 
inclination. It may perhaps be asked, how this problem 
properly comes under the head of machines; but it will be 
seen by reference to our definition of a machine in Art 1 
(p. 78), that the inclined plane is rightly so regarded, for it 
supplies us with the means of modifying the effects of a given 
force. Moreover, an example vrill shew that the inclined 
plane may be used as a means of assisting human strength, 
in the same manner as the lever or the pully : for let it be 
required to raise a cask of wine from a cellar, then we may 
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either roll the cask to the side of the cellar, and extract 
it by means of a crane and puUy, or we may lay down 
some planks at a moderate inclination and drag up the 
cask upon them. 

20. Before we proceed to find the relation of P to TV 
upon the inclined plane, we must make an important remark 
respecting the pressure exerted by a plane upon a body 
which rests upon it If a particle rests upon a horizontsd 
plane the forces which keep it at rest are two; viz. the 
weight of the particle doumwards, and a certain pressure 
caused by the plane upwards, and these must be equal, 
otherwise the particle could not be at rest ; hence in con- 
sidering the equilibrium of such a particle we may dismiss 
all thought of the plane, and say that the particle \s kept at 
rest by its own weight fF acting vertically downwards, and 
a pressure W acting vertically upwards. Now let us con- 
sider what will be the mechanical effect of a smooth plane, 
which is not horiioiital, upon a particle made to rest 
upon it. Its efifect will be to produce a pressure upon the 
particle ; and there will be two questions, what will be the 
direction of this pressure, and what will be its magnitude ? 

(1) For the direction, we can at once conclude that 
the pressure must be perpendicular to the plane ; because 
the plane is by hypothesis smooth, and by the term smooth 
we mean that it is incapable of offering any resistance to 
the motion of a particle along its ^ 
surface. To make this more clear, y< 
supx>ose the pressure exerted by the 

plane to be in any direction what- 
ever : then since a force may always • > ^^^ 

be resolved into two at right angles to each other, let this 
pressure be resolved into two, one perpendicular to the 
plane, which call 22, and one parallel to the plane, which 
call Bf : now the force B' will manifestly tend to make the 
particle move along the surface of the plane ; but this is 
contrary to the definition of a smooth plane, therefore 
22^=0; and hence the only force exerted by the plane is 
a force R in the direction perpendicular to it. But 

(2) What will be the magnitude of R ? This we have 
not suflSdent data to determine; it will vary in different 
cases, and we cannot determine it until we have all the cir- 
cumstances given. 
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Hence, in any given problem, we may consider the 
effect of a smooth plane to be this, to prodtice a force or 
pressure upon a particle in contact with it^ in the direction 
perpendicular to it, hvi of unknxyum magnitude, and 
which we must therefore denote by a symbol for an 
unknown quantity, such as R, 

This being premised, we proceed 

21. To find the ratio of the Power to the Weighty 
when there is equilibrium on the Inclined Plane. 

Let a be the inclination of the inclined plane to the 
horizon ; R the pressure of the plane 
on the weight W, which pressure will 
be perpendicular to the plane; and, 
to take the most general case, let the 
direction of the power P make an 
angle e with the plane. 

Then resolving the forces parallel and perpendicular to 

the plane, we have 

Pcosc — ^sino=0 (1), 

/2 + Psm€- ^cosa=0 (2). 

„ P sina _ . . 

Hence, .™.= , from (1). 

ff^ cose' ^ ' 

Equation (2) gives us the pressure upon the plane ; 
thus 

R=z ^cos a— P sin c, 

= ^cosa- W — ^.sin€, 

COS€ ' 

W 

(COS a cos € — sin a sin c), 




COS€ 

= ^C08^a + €)^ 

COS€ 

There are two particular cases, which are worthy of 
notice. 

(1) Suppose the power acts parallel to the plane, then 
the equations become 

P-prsina=0, 
R" ^cosa=0; 

. P . .R 

TF?=8m a, and -nr— cos a. 

If we regard the inclined plane as the hypothenuse of 
a right-angled triangle, having its two sides respectively 
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horizontal and vertical, and if we take the hypothennse 
to represent the ma^tude of W^ then these results shew 
that the vertical side represents P, and the horizontal 
side represents R, This truth is exhibited to the eye^ with 
much simplicity and beauty, by the apparatus of Professor 
Willis, referred to in the note on page 11. 

It will easily appear that if we have a double inclined 
plane, that is, such a plane as would be represented by an 
obtuse-angled triangle having its base horizontal, and if we 
place upon the two sides two weights connected by a string 
passing over the vertex, then in order that there may be 
equilibrium the weights must be proportional to the 
lengths of the sides upon which they respectively rest. 
This property of the inclined plane was demonstrated by 
Stevinus of Bruges, who died in 1633, and was made by 
him the foundation of the theory of forces. The demon- 
stration will be given at the end of this chapter. 

(2) Suppose the power acts horizontally ; then the 
equations will be, R 

'P cos a— PFsin a = 0, 

22— P sin a— ^cosa=0; 

P , 

J r» Tx?- TxrSin'a „,C08'a+8in'a W 
and 22= ^cosa+ W = W 




cos a cos a cos a 

It may be remarked that these results may be deduced 
from those of the general case by making 

€ = and € = — a. 

22. For the sake of illustration we will solve the pro- 
blem of the inclined plane in another way. 

Let a, 6, B represent the same quantities as before. 
Let A be the point of the plane at R P 

which the weight rests ; draw AG 
vertical, and from C draw CB in 
a direction perpendicular to the ^-^'^j^ 

inclined plane, to meet the line of ^y^^^iYT 

P's action in B, Then the sides ^^ /\j 
of the triangle ABC, being paral- c 

lei to the directions of the forces P, 22, JV, may be taken 
to represent these forces (Art 6, p. 52). Hence * 
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W 



B 



sin C sin i^ sin ^ * 
P W R 




* ' sin a cos € cos (a + c) * 

These are the same results as those already obtainecL 

23. The last machine which we shall consider is the 
Screw, This machine in combination with the lever is of 
great practical utility, as, for instance, in the case of a book- 
binder s press, in which a considerable pressure is required, 
and may be by this means produced 
with great facility; and &ere are 
numberless other examples. 

The Screw may be described as 
an inclined plane wrapped round a 
cylinder, or as a cylinder having on 
its surface a projecting thread in all 
parts at the same given angle to the 
horizon: take any solid body of a 
cylindrical form, as, for instance, a 
ruler, a pencil ; take a piece of paper ABC in the form of 
a right-angled triangle, having Fig. L 
the right angle at €\ place BC J'^''''^^'^ Fig. n. 

npon the cylinder, so as to be 
parallel to its axis, and wrap 
the paper closely upon the cylin- 
der, then the hypothenuse AB 
will mark out the thread of 
a screw. The form of the thread 
is different in different cases; 
it may be such as in fig. I., or 
such as in fig. II. ; but this is a matter into which we shall 
not enter, and we shall consider the thread only as the 
surface of an incUned plane wrapped round a cylinder as 
. before described. 

The screw is applied as follows: the cylinder bearing 
the thread fits into a block pierced with an equal cylindri- 
cal aperture, upon the inner surface of which is cut a 
groove, the exact counterpart of the thread of the screw ; 
hence the screw can only be made to move in the block 
by revolving about its axis. Suppose the axis of the 
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screw to be vertical, and a weight WT to be placed upon 
it, then the screw would d^end, unless prevented from 
doing so by another force; this force we will suppose to 
be supplied by the power P acting in a horizontal direc- 
tion, at the extremity of an arm of given length. In 
practice there must necessarily be considerable friction 
between the thread and the groove, but this we shall not 
consider, because it would complicate the problem. 

24. Prop. To find the ratio qf the Power to the 
Weight in the Screw, 

Let the power P act at an arm a, and let r be the 
radius of the cylinder, a the in- 
clination of the thread to the hori- 
zon. 

Consider the equilibrium of any 
point A of the thread; suppose 
the portion of the thread on each 
sidd of ^ to be unwrapped, so as 
to assume the position of a straight 
line BC, inclined at an angle a to 
the horizon ; then we may consider 
the point A as supported upon a 
plane of inclination a, and acted 
upon by the pressure of the plane, 
which call Ri, a certain horizontal force caused by P, 
which call P^ and a portion of the weight JV, which call 
fVi; hence we shall have by resolving the forces in the 
direction BC, 

Wi sin a= Pi cos cu 

In like manner, if we considered the equilibrium of any 
other point of the thread, we should have 

W^ sin a=Pg cos a ; 
and so on. 

Hence, taking account of all the points of the thread, 
and adding all the equations together, we shall have 

(fr,+ fr,+ ^B + ...)8ina«(Pi + P, + P8+,..)co8a. 
But fVi+ W^+ JV^-h ,.,=the whole weight supported— W. 
Also, Pj + P, + Pj + . . . = the whole horizontal force sup- 
posed to act at the circumference of the cylinder, that is, 
at an arm r. But the horizontal pressure is caused by P 
acting at an arm a ; hence, by the principle of the lever. 
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(Pi + P, + P8...)r=Pa; 

.'. Waiua= — cos a, 

P r. 

or -n7=-tancu 
IV a 

We may pnt this result in a more convenient form 
thus; 

P _2rtana 
IV ~ 2ira ' 

_ the vertical distance between two threads ^ 
"" circumference of circle described by P 
25. This investigation may be presented under a rather 
different form as follows: 

The weight W may be conceived as a body acted upon 
by these three forces, its own weight W vertically down- 
wards, a certain force in a direction perpendicular to the 
thread of the screw, which will be the resultant of the 

* It appears from this result that the power of the screw depends C€tteri8 
parUnis upon the fineness of its thread; but if the thread be made too fine 
there is danger of fracture. This difficulty is overcome in a very ingenious 
manner by a machine known as Hunter's Screw. 

AB is a screw which passing through a block may be worked by a lever in 
the usual manner; but instead of 
pressing inmiediately upon the 
board EFy the screw AB acts upon 
another screw CD which enters the 
former by means of an interior 
thread cut to fit it. The screw AB 
ia slightly coarser than the screw 
OZ), so that when AB de^^cends 
through a given space, CD ascends 
through a space not. quite so great, 
and the board EF is pressed 
through a space equal to the diffe- 
rence of the spaces respectively 
passed through by the two screws. 
It is not difficult to see, that as in 
the common screw the mechanical 
advantage depends upon the dis- 
tance between the threads, so in 
this compound screw the me- 
chanical advantage will depend 
upon the difference of these dis- 
tances for the- two component 
screws. 

Hence by means of two coarse screws adapted to each other as above ex- 
plained, we can produce the effect of one fine screw. The same principle may 
be applied by cutting two screws upon the same cylinder, and passing these 
through two nuts or blocks, which are capable of approaching each other, 
but are not allowed to revolve. 
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pressures at the different points of the thread, and lastly, 

a horizontal force which we will call Q. 

Now draw AD vertical, AE in a 

direction perpendicular to the thread of 

the screw, and DE horizontal ; then the 

sides of the triangle ADE, being parallel 

to the three forces just now described, 

may be taken to represent them ; 

^ Q DE . 
/. -^=^=tana. 

But Q is a force which at an arm r is in equilibrium 
with P at an arm a> 

.*. Qy.r=P'>ia, or Q = P-, 

T 

P r, 
,\ -Yir = ~ tan a, 

which is the result previously obtained. 

26. In this chapter on Machines I have omitted the 
consideration of toothed wheels ; I have done so because 
they involve no distinct mechanical principle, and, as being 
chiefly useful for the transmission and modification of 
motion in machinery, belong rather to the subject of 
Mechanism than to that of Mechanics, 

In order to understand' the construction of toothed 
wheels let BAC^ BAG 
be two wheels, lying in 
the same plane, turning 
about centres O, (/, 
and being in contact at 
A. And suppose that 
the friction between the 
surfaces of these two c^ 

wheels is so great that they cannot slide one upon the 
other; then if we turn the wheel BAG in the direction of 
the arrow marked upon it, it is evident that the wheel 
BAC must also turn, but in the opposite direction, that 
is, in the direction indicated in the figure by the arrow 
upon BAC. Thus the motion of BAC produces motion 
in BAG' ; and B'AG' may in like manner be made to driiDe 
another wheel, and so on. Moreover, it is easy to see that 
if the magnitude of BAG be given, and the wheel be made 
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to turn at a given rate, the wheel SfACf will turn more 
slowly or more rapidly than BAG in exact proportion as its 
circumference (or its diameter) is greater or less than that 
of BAG, For instance, suppose the diameter of BAG 
to be two feet, and that of BfAU to be one foot; then if 
BAG be made to turn 30 times in a minute, B'AG' will 
turn 60 times, and so on. Hence wheels connected as here 
described may be made both to transmit and also to modify 
motion. 

But practically it is not possible to construct wheels, 
the surfaces of which 
shall drive accurately 
by means of friction 
only ; hence the device 
of teethy that is of al- 
ternate projections and 
hollows upon the sur- 
face of the wheels. 
The figure will shew 
at once, after what has been said, the action of the teeth. 
Mechanically speaking a train of wheel-work is only a 
succession of levers; and if the number and magnitude 
of the wheels be given, there is no difficulty whatever in 
determining the power P, which, acting at the circum- 
ference of one extreme wheel of the train, will be in equi- 
librium with the weight W acting upon the other extreme 
wheel. 

27. In addition to the simple machines considered in 
this chapter there are many others, contrived for a variety 
of purposes, as weighing, raising weights, &c. We will 
illustrate the statical principles already explained by apply- 
ing tliem to a weighing machine of somewhat complicated 
character. 

A platform AB^ upon which the body which we wish to 
weigh is placed, is supported at one end by the piece BG 
which is connected (as shewn in the figure) with 2>, so that 
ABGD is one rigid piece. AB rests at E upon a lever FG, 
(concerning which more presently,) and at the other extrem- 
ity it is supported by means of a rod ZTAT connected with 
the piece D. The lever FG, which has F for its fulcrum, is 
also supported by a rod GL ; and both HK, and GL, are 
finally supported by a lever LKMNy which having M for 

7 



its fulcrum, carries at its other eztremitj a scale in vbidi ia 
placed the weight P which is to be in equHibriaiu with W. 




This is a general descriptian of the machine in qneBtion ; 
now let ua reduce it to its simplest statical form. 

The figure below represents the statical problem ; the 
letters in it correspond to those ic the precoding descrip- 
tion ; and it will be seen that the machine consistB essentially 
of three portions ; the platform ABCD, the lerer FG, and 
the lever LKMN; the two rods GL, DK only serve to 
connect these parts. Let us consider the forces to whicb 
they are severally subject. 

C I, 



R Iff 

(1) The platform ABCD is acted iqton by the down- 
ward pressure of the weight W, and by two upward 
pressures at the two points of support, which (as we do not 
know their values) we will denote by R and P" respectively. 

(2) The lever FG is acted upon by a downward force 
at E, which must be equal and opposite to R, and by an 
upward forceW G, which we will denote by P". There is, 
of course, besides these two forces, the pressure upon the 
fulcrum, which it will not bo necessary for ua to consider. 
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(3) The lever ZJO/iV is acted upon at one extremity 
by the force P, and on the other side of the fulcrum there 
are two pressures at the point of support of the rods DIT, 
OL, which must be equal to P^ and P^' respectively. 

We can now write down the equations of equilibrium 
for the machine. 

For the platform ABCD we must have, for the equili- 
brium of the vertical forces, 

}F=R+P' (a). 

For the lever FG, taking moments about the fulcrum F, 

E,FE=P".FG 03). 

For the lever LKMN^ taking moments about the ful- 
crum itf*, 

P,MN=P'.MK^P'\ML (y). 

If between (a) and (fi) we eliminate the unknown quan- 
tity R, we have 

W.FE^P'.FE'¥P'\FG (a). 

We have now reduced the problem to the two equations 
(y) and (d), which involve two unknown forces P' and P" ; 
and a little consideration will convince us that we have not 
omitted any equation essential to the solution of the problem. 
Hence in its present form the problem is indeterminate; 
but there is a peculiarity in the construction, which has been 
omitted hitherto, and in virtue of which the indeterminate- 
ness of the problem disappears. The machine is so arranged 
that the following proportion holds amongst the lengths of 
the arms of the levers, 

FE : FG :: MK : ML, 

If we introduce this condition into equations (y) and (d), 
we have 

MK ^ ^ . MK FE ^ ' 

" W~ MN' 

This is the required relaiion between P and W. We 
now see the advantage of the machine: suppose, for 

P 1 

instance, that MN= 10 x MK, then -^ =-- , or a weight 

of 10 lbs. put into the P scale will serve to weigh 100 lbs. 
placed upon the platform. Machines upon this and similar 

7—2 
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constractioiis are frequent at raflway stations, and are yery 
oonyenient for weighing heavy goods. 

It will be seen from the investigation, that it is indif- 
ferent at what point or points of the platform the pressure 
fF takes place. 

28. Another machine worthy of notice is the balance so 
extensively used in retail trades, and which is known as 
HdbervcWs balance. The construction of this balance, viewing 
it merely in its mechanical principles, may be described thus. 

ABC is a firm vertical stand resting upon a fixed hori- 
zontal base ; DE, 
FG are two equal 
bars working about 
pivots similarly situ- 
ated with respect to 
their lengths, at L 
KndLM',DFH,EGK 
are two T-shaped 
pieces connected 
with the bars DE, 
FG, as in the figure, 
by pivots; the con- B C 

sequence of which is, that if the system be made to assume 
different positions, DF, EG will always be vertical. Now 
suppose two weights P and W suspended from K and H 
respectively ; tlien in order to investigate the relation of P 
to fF we might consider, as in the case of the weighing 
machine last described, the equilibrium of the separate 
members of the balance successively ; but, without doing so, 
the result may perhaps be rendered intelligible by general 
reasoning. Consider the weight W\ it is supported by the 
piece DFHy which again is supported at D and Fi now the 
effect of this must be to produce two vertical pressures at 
D and F which shall together be equal to W ', it does not 
signify to our purpose how much one point bears and how 
much the other, nor what horizontal pressure there may be 
at either, (since whatever horizontal pressure there may be 
at one of them, there must be an equal and opposite hori- 
zontal pressure at the other,) the pressure must on the 
whole be W^ or we may say that there is a pressure W in 
the direction of the rod DF-y so that, as far as the equili- 
brium of the bar DE is concerned, we may regard TV as 
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suspended from D ; and in like manner we may regard P 
as suspended from E, Consequently the condition of equi- 
librium will be 

W~EL' 

Or if the arms 2)Z, EL be equal, then we must have 
JP=W. It is to be noticed that the ratio of P to ^ is 
quite independent of the distance of either from the central 
axis of support ; a circtmistance which gives this balance 
great practical advantages. 

29. We will conclude this chapter by giving the proof 
of the property of the inclined plane by Stevinus, to which 
reference was made in p. 92. The proof shall be given pre- 
cisely as he gives it himself in his treatise on Statics. In 
the first book of this treatise he considers the theory of 
direct and oblique weights ; the fundamental proposition of 
the theory of the former is the doctrine of the lever, demon- 
strated after the manner of Archimedes* ; having solved a 
variety of problems involving the principle of the lever, he 
says, "Hitherto have been declared the properties of direct 
weights ; here follow the properties and qualities of oblique, 
the general foundation of which is contained in the follow- 
ing theorem." 

Theorem. If a triangle have its plane perpendiadar, 
and its base parallel^ to ths horizon ; and upon the two 
sides be placed two equal sp/ierical weights ; as the right 
side of the triangle is to the left, so will be the power qfthe 
l^ hand weight to that of the right. 

Let ABC be a triangle having its plane perpendicular 
to the horizon, and its base AC parallel to Uie same: and 
upon the side AB (which is double of BC)^ let there be 
placed a globe D, and upon BC another, E, equal to the 
former in weight and magnitude. 

It is required to prove, that as AB : BCy i. 0. as 2 : 1, 
so is the power of the weight E to that of 2>. 

Let there be arranged round the triangle 14 globes, 
equal in weight and magnitude, and equidistant, strung upon 
a line passing through their centres, in such a manner that 
they may be able to turn about the said centres, and that 
there may be two globes upon the side BC, and four upon 

• Thftt is, as ia page 74 of this Treatise. 
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the side AB ; then as one line is to the other, do is the 
number of globes to the number of globes. Also at Sy T, V 
let there be three fixed points, upon which the line or thread 




may be able to run, and let tlie two portions above the 
triangle be parallel to the sides AB, BC; so that the 
whole may be able to turn freely and without catching upon 
the said sides AB, BC. 

DEMONSTRATION. 

If the power of the weights 2), B, Q, P, be not equal to 
that of the two globes E, F, the one side will be more 
powerful than the other; let (if possible) the four 2>, R, Q, P 
be more powerful than the two B, F; but the four 0, N, 
M, L are equal in effect to the four G, H,I,K\ wherefore 
the eight globes 2), JB, Q, P, 0, iV, M^ Z, will be more 
powei^ than the six, E, F, G, H, I, K\ and since the 
stronger power must prevail over the weaker, the eight 
globes will descend, and the six wiU rise. Let this be so, 
and let D arrive at the place which is at present occupied 
by Oy and so of the rest ; thus E, F, G, H will assume the 
places occupied by P, Q, JB, 2), and 7, K those occupied by 
E, F; notwithstanding the change therefore, the globes will 
have the same disposition as before, and for the same reason 
the eight globes will descend in virtue of their superior 
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gravity, and in descending will cause eight others to take 
their places, and so the motion will be perpetual ; which is 
absurd. And the like demonstration will hold for the other 
side: the set of globes 2>, R, Q, P, 0, N, Jf, L will there- 
fore be in equilibrium with E, F^ G, H, /, JT. Now take 
away from the two sides those weights which are equal and 
similarly situated, as are the four globes Of N, M^ L on the 
one side, and the four G, H, /, K on the other ; the remain- 
ing four 2>, Bf Q, P will be, and will continue to be, in 
equilibrium with the two E^ F: wherefore E will have a 
power twice as great as that of 2> ; as therefore the side 
AB to the side BC, or as 2 : 1, so is the power of ^ to the 
power of D, Therefore, ffa triangle^ &c. Q. e. d. 

Such is Stevinus's demonstration ; from it he deduces 
the doctrine of the inclined plane in its most general form, 
that is in fact the laws of oblique forces. We shall not 
follow him any farther ; but the fundamental proi>osition 
just given is interesting from its ingenuity, and because it 
was the first independent proof of the laws of oblique 
forces. 



EXAMINATION UPON CHAPTER VII. 

1. The arms of a false balanoe are respectiyely 1 foot, and 
1*05 in length ; what will be the apparent value of 100 lbs. of tea, 
weighed out with such a balanoe (the tea being suspended from 
the longer arm), if the shop-keeper undertake to sell his tea at is, 
per pound? 

2. If when a balance is suspended the beam be not horizontal, 
prove that if the want of horizontality arise from an inequality 
in the weight of the scale pans, the balance may be corrected by 
putting a weight into the lighter of the two, but that if it arise 
from a difference of length of the arms the balanoe cannot be so 
corrected. 

8. Shew how to graduate the common steelyard. 

4. Shew how to graduate the Danish steelyard, in which the 
fulcrum is moveable. 

5. Slnd the relation of P to IT in the single moveable pully. 

6. In the first system of pullies. 

7. In the second. 

8. In the third. 

9. Find the relation of P to IT on the inclined plane. 
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10. In the screw. 

11. What force is necessary to snpport a weight of 50 lbs. 
npon a plane inclined at an angle of 30^ to the horizon, the force 
acting horizontally? 

12. What force is necessary in the preceding problem, if the 
force act vertically? 

13. When a given weight is sustained npon a given inclined 
plane by a force in a given direction, find the pressure upon the 
plane. 

14. Given the weight, and the magnitude and direction of 
the sustaining force, find the inclination of the plane. 

15. On an inclined plane the pressure, force, and weight, 
are as the numbers 4, 5, 7 ; find the inclination of the plane to 
the horizon, and the direction of the force. 

16. What weight is that, which it would require the same 
exertion to lift as to sustain a weight of 4 lbs. upon a plane in- 
clined at an angle of 30^ to the horizon? 

17. A weight W is sustained upon an inclined plane by a 
force P, acting by means of a wheel and axle, placed at the top, 
in such manner that the string attached to the weight is parallel 
to the plane. Given It and r the radii of the wheel and axle, 
find the inclination of the plane. 

18. Two weights sustain each other upon two opposite 
inclined planes, by means of a string which is parallel to the 
planes ; compare the pressures on the planes. 

19. What force must be exerted to i^tain a ton weight on 
a screw, the thread of which makes 100 turns in the course of 12 
inches, and which is acted upon by an arm 4 feet long ? 

20. Find the inclination to the horizon of the thread of a 
screw, which with a force of 5 lbs. acting at an arm of 2 feet, 
can support a weight of 300 lbs. on a cylinder of 2 inches radius. 

If the length of the cylinder be 4 feet, find the entire length 
of the thread of the screw. 



APPENDIX TO CHAPTER VII. 

ON THE PRINCIPLE OP VIRTUAL YELOOITIES. 



1. rpHE conditions -of equilibrium of a system of particles, 
JL or a system of bodies, under the action of any forces, 

may be expressed in a very remarkable manner by means of 
a principle known as that of Virtual Velocities. This principle 
we shall here enunciate, and apply it to several cases of equi- 
librium; it is introduced here, because its chief interest to the 
reader of such an elementary treatise as this consists in the new 
view which it gives of the conditions of equilibrium of the various 
machines. 

2. Def. If we suppose a point at which any force acts to 
be very slightly displaced, and from the new position of the point 
a perpendicular to be dropped upon the direction of the force, 
then the line intercepted between the foot of this perpendicular 
and the original position of the point is called the Virtual Vdocity 
of the point of application of the force, or sometimes more briefly 
the virtual velocity of the force. 

Thus let be the point at , 

which the force P acts, and ^^^^ 

suppose it to be slightly displaced ^^^^ I ^ 

so as to be brought into the ON P 

position 0'; from 0' draw the perpendicular (/N on OP, then ON 
is the Virtual Velocity of P. 

If the displacement of is such that N falls between and 
P, that is, if the virtual velocity is in the direction of the force, 
it is reckoned positive ; if in the opposite direction, or N on the 
other side of 0, it is reckoned negative. 

8. It will appear from what has been said that the virtual 
velocity of a force is to a considerable extent an arbitrary quantity ; 
and such is the fact, but it will be observed that when we have 
several forces acting at different points of a rigid body, the 
displacement of one point will in general determine the dis- 
placements of the others. For example, suppose we have two 
forces acting on the arms of a lever, then if we raise one extremity 
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of the lever through a small space, the other extremity is neces- 
sarily depressed through a space^ the magnitude of which can be 
assigned. 

4. If the displacement is made in the direction of the force, 
the whole dispUcement becomes, according to our definition, the 
virtual velocity, and if in a direction perpendicular to that of the 
force, the virtual velocity is zero. And in general we may regard 
the virtual velocity as the space through which the point of 
application is moved in the direction of the force. It will be seen 
also, since an arc and its sine are ultimately equal to each 
other, that when a force is acting perpendicularly to an arm of 
a lever, and the aim is made to turn through a very small angle, 
the small arc of a circle described by the point of application 
may be taken as the virtual velocity of the force. 

5. Hence we shall see something of the meaning of the term 
Virtual Velocity ; for suppose we have any number offerees acting 
at different points, and that in consequence of an arbitrary motion 
of one of the points in the direction of the corresponding force 
through a very small space a, the other points of the system move 
in the directions of their respective forces through the spaces /3, 7, 
&c. ; then since these points move contemporaneously through the 
spaces a, /3, 7..., these spaces measure the rate at which they 
respectively move; for example, suppose /3=2o, 7=80, &c., then 
the points must have moved at rates, or with velocities, which 
are in the ratio of 1, 2, 3, &c. ; but these velocities are not real, 
since the parts of the system do not move in consequence of the 
forces which act upon them; if they did move, the question 
would be Dynamical, not Statical; hence the small spaces of 
which we have been speaking are called VirtucU Velocities. And 
the student cannot too carefully bear in mind, that the motion 
which would seem to be implied by the term velocity is altogether 
of a geometrical character, that is, it is not due to the forces of 
the system, but is only a displacement supposed to be arbitrarily 
produced, without any reference to the nature of the forces 
necessary to produce it. 

6. Having explained what is meant by virtual velocity, we 
shall be able to prove several propositions, which form particular 
cases of a very general principle known as that of Virtual 
Velocities, the proof of which we cannot give here, but of which 
it may be well to give the enunciation. 

When a system of bodies is in equUOriwrn vsnder the action of 
any forces, then if the system be very slightly displaced, the sum of 
the products of the forces and their respective virtual velocities will 
be equal to zero. 
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All that we shall do will be to prove this priociple in those 
cases of equilibrium, which have been already considered, assum- 
ing the results which have been obtained. 

7. To prove the principle of virtual velocities in the ease of a 
single particle, acted upon by any system of forces in the same plane. 

Let be the particle, P 
any one of the forces, which 
makes an angle d with a line 
OX drawn through 0. Let 
the particle be displaced to (/, 
and from (/ draw O'iV per- 
pendicular to OP, and let ON 
=p; also draw O'm perpen- 
dicular to OX, and let Om=x, 
0^m=y ; then it is easy to see, 
by drawing mn perpendicular 
to OP, and O^r perpendicular 
to mn, that 

p = On+0'r=xcose + yBme. 
Similarly, if y, p''... be the virtual velocities of forces P', 
P"... acting at angles d', $"'... with the line OX, we shall have 

p'=a;cos^+y8in^, 
29" = a; cos ^" + y sin 6^% 
&>c, = &c. 

.-. Pp + i>'i)'+PV'+... =« (P cos d + P'cOS ^ + P''C08 e''+ ...) 

+y(Psin^+P'sin ^'+P''8in r+ ...) = 0, 
by the general conditions of equilibrium established in Art. 10, 
page 56 ; which proves the principle of virtual velocities in this case. 

8. To prove the principle of virtual velocities in the case of the 
Zever. 





P Q 

(1) Suppose the lever to be a straight lever AJ3, having arms 
AO=a, BO=h, and to be acted upon by forces P and Q perpen- 
dicular to the arms. 
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Let the lever be turned through a small angle about its ful- 
crum, 80 that the points A, B, are brought into the positions A\ 
B', respectively; firom A\ B', dr&w A^m, ^'» perpendicular to the 
directioiis of the forces, and A^m\ B^n\ perpendiculars upon the 
lever. Then Am.^ Bn, or A^nt', B'nf are lie virtual velocities 
of P and Q. 

Now we have seen, Art. 2, page 62, that 

P.a=Q.6; 
but by similar triangles A'Om\ B'On\ 

AW _B'n\ 
a " h ' 
,\P,A'm'=Q.B'n\ 
Hence, not having r^ard to sign, we may say that 

P X P's virtual velocity = Q x Q's virtual velocity. 
Or if we denote AW byp, and B'n' hj -q (see Art. 2), we 
shall have 

which coincides with the general enunciation of the principle of 
virtual velocities given in Art. 6. 

(2) Suppose the forces P and Q to act at any angles a and 
/3 with the lever ilO^. 




Let the lever be turned through a small angle as before, and 
call the angle 0. From A\ B' the new positions of A and B draw 
A' fit B'n perpendicular to the directions of the forces; then if 9 
be indefinitely small, Am, Bn will be the virtual velocities of P 
and Q. Join AA', BB\ 

Then Am=AA* coa A^Am 



= 2a8in-cos 



[ since A^A 



(a-90« + |). 
=90-1). 
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= 2asm-8in (a + g) ? 



/ B\ 
similarly it will be found that ^n = 26 sin - sin ( /3 - ^ ] , 

a sin (a + o) 



Am 

h Bin (^-2) 



If we make indefinitely small, we shall have sin ( a + - ] 
indefinitely nearly equal to sin a, and sin [ j3 - ^ ] to amp, 



- ^, . P's virtual velocity a si 
and therefore pr; = j—. 



Bin a 



Q'a ftsin/S* 

But we know, from Art. 2, page 62, that 

P_ b Bin P 

Q "~ a sin a * 
.*. P X P's virtual velocity = Q x Q's virtual velocity, 
or, having regard to the signs of the virtual velocities, and calling 
them p and - q, 

P.p+Q,q=0, 
as before. 

This last demonstration is applicable to the case of any rigid 
body acted upon by two forces in the same plane, and having one 
point fixed ; for through the fixed point we may draw a straight 
line intersecting the directions of the forces, and the points of 
intersection we may regard as the points of application of the 
forces. Hence in tiiis general case the principle of virtual veloci- 
ties is true. 

9. The Wheel and Axle, 

The condition of equilibrium being precisely the same as for 
the straight lever acted upon by two forces perpendicular to its 
arms, the demonstration wUl be the same as in that case. 

10. The Pidly, 

In applying the principle of virtual velocities to puUies, we 
suppose the -weight W to be raised through a small space, which 
small space will be its virtual velocity, and the corresponding 
space through which the point of application of P must be moved 
in order to keep the string stretched will be the virtual velocity 
of P. 

(1) The single moveable Fully. 

If in the figure, page 86, Art. 13, we suppose W raised 
through a small space a, the string on either side of the pully 
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will be shortened by the same quantity ; consequently the* point 
of application of P must be raised through 2a, which will be P*b 
virtual velocity. 

But 2P=}r; 

.•. Px2o=Trxtt, 
or P X P*B virtual velodty = W x Wb virtual velodty. 

(2) The first system of Putties. 

In the figure of page 86, Art. 14, let W be raised through a 
small space a, then the lowest pulley rises through a space a, the 
second (reckoning from the lowest) through a space 2a, the third 
through 2 X 2a or 2'a, and so on; hence the n^ puUy will rise 
through a space 2*^~^a, and the space through which P will descend 
will be 2**a. 

But P X 2*= W\ 

.'. Px2«a=Wxa, 
or P X P's virtual velocity = TV x TT's virtual velocity. 

(3) The second system ofPvUies. 

In the figure of page 87, Art. 15, let W be raised through a 
small space a; then if there be n strings between the two blocks, 
each of these will be shortened by a quantity a, consequently P 
will descend through a space na. 

But Pxn=W; 

.'. Pxna= Wx a, 
or Px P*B virtual velocity =Wx Wb virtual velocity. 

(4) The third system of PuUies. 

In the figure of page 88, Art. 16, let W be raised through a 
small space a ; then the second pully (reckoning from the highest) 
will descend through a space a, and tiierefore the third pully will 
descend through 2a ; but in consequence of the rising of W, the 
third pully would have descended through a, even if the second 
had been fixed, therefore oii the whole it descends through 2a + a. 
In like manner the fourth descends through 2(2a + a) + a, or 
(2« + 2+l)a; and the n*"* through (2**-* + 2»-«+... +l)o, and P 
through 

(2»-i + 2«-2 + . . . + 1 )a^ or through (2» - l)o. 

But Px(2«-l)=Tr; 

.-. Px(2»-l)a=Trxa, 
or P X P's virtual velocity = W x Wb virtual velodty. 

11. The Inclined Plane, 

■ 

Let ^ be a particle, of weight W, which is kept at rest on an 
inclined plane by a force P, the direction of which makes an 
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angle e with the plane ; Jt the 
pressure of the plane on J.; a 
the angle of the plane. 

Suppose ^ to be moved along 
the plane to the point a ; from a 
draw dby <ic perpendicular to the 
directions of P and W respec- 
tively ;^ then Ab, Ac are the 
virtual velocities of P and W; 
R will have no virtual velocity, Art. 4. 



Ill 




Now 



Ab=Aa . cos e. 



and Ac=Aa . sin a ; 
but P cos e= IT sin o ; 
,*. P X ^a cos e= TT X -4a sin o, 
or PxAb=Wy^ Ac, 
or P X P's virtual velocity = W x TT's virtual velocity. 

12. The Screw. 

It is evident that if the arm upon which the force P acts (see 
%• P'^^ ^^) ^ made to describe a complete revolution, the 
weight W will be raised or depressed through a space equal to the 
vertical distance between two threads of the screw ; and the same 
proportion will be observed whatever be the actual magnitudes of 
the motions of P and W; consequently supposing these motions 
to be indefinitely smallwe have (Art. 4) 
P *s virtual velocity _^ircumference of circle described by P ^ 
TT's '~ vertical distance between two threads' 

, . P vertical distance between two threads 

but — = ; 

W circumfei*ence of circle described by P 

.*. P X P's virtual velocity = W x Wb virtual velocity. 

The student, after reading this article, will understand more 
clearly the reasoning concerning ffunter'a Screw, given in the 
note on page 95. . 

13. We have thus proved the principle of virtual velocities 
in the case of all the simple machines. In any combination of 
these machines it is hot difficult to conclude that the principle 
must also hold. A law which thus brings under one view the 
conditions of equilibrium in so many different cases will doubtless 
appear to the student one of great beauty and generaUty, although 
only a deduction from conditions previously established ; but the 
principle of virtual velocities appears in its most striking light, 
when demonstrated in all its generality, and made the basis of 
mechanical investigations. 



CHAPTER VIII. 

ON FRICTION. 




1. TN the preceding chapter we had occasion to 
J- speak of the effect of a smooth plane upon a 

body in contact with it, and we concluded that the effect 
would be to produce a force upon the body in the direction 
perpendicular to the plane. Upon the same principle we 
can conclude the nature of the force, which exists between 
any two smooth surfaces in contact. 
Let ABy CD be two smooth surfaces 
in contact at N ; then they will exert 
upon each other a pressure, which (as 
we do not know its magnitude) we wj^k 
call R, This pressure will be mutual ; 
that is, if j4-5 presses against CD 
with a force R, CD must of necessity 
press in the exactly opposite direction 
with an equal force: this is manifest from the nature of 
the case. The only question is, in what direction will the 
forces R act? Now since the surfaces are in contact at iV^, 
they must have a common tangent at that J)oint ; let it be 
iNt\ draw nNn perpendicular to this tangent^ then we 
call this line a normal to the surfaces, or the common 
normal. Since the surfaces are sm^ooth, they cannot exert 
any action upon each other in the direction tNty therefore 
the whole action must be in the direction nNn^ or in the 
direction qfthe c(ymm^m normM. 

2. Although in practice no surface is perfectly smooth, 
yet the simplicity gained for mathematics investigations 
by the supposition of perfect smoothness is so great, that 
problems are usually solved with this imaginary condition. 
In the chapter upon machines, for instance, we have 
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adopted this method. Consequently, it is necessary in 
solving problems to be able to determine at once the 
manner in which smooth surfaces act upon each other ; and 
even if we take the actual case of bodies having some 
degree of roughness, it will be found that the nature of the 
mutual action in that case will be best understood by first 
becoming familiar with the simpler case of smooth sur- 
faces. 

3. One of the most common cases of mutual action 
is that of a particle^ or a surface of indefinitely small mag- 
nitude, the end of a rod for instance, upon another surface, 
as that of a plane, a sphere, or the like. In this case it is 
to be observed, that the surface of finite magnitude deter- 
mines the direction of the mutual pressure, because any 
line whatever may be considered as norrmd to the surface 
of a point. The meaning of this will be seen better from 
examples. 

Let ^^ be a pole, a rod, or ladder, standing upon 
the smooth horizontal plane BG and rest- 
ing against the smooth vertical wall AG\ 
we must suppose the foot of the ladder 
restrained by a string BG^ otherwise it 
will evidently slide down. Now, first, what 
will be the action of the wall upon the ^ 

ladder at -4 ] It will be a pressure of ^ ^"^ 
unknown magnitude, 2^, normal, that is perpendicular, 
to the wall. Again, what will be the action of tiie smooth 
horizontal plane at ^? It will be a pressure of unknown 
magnitude, R\ normal, that is perpendicular, to the hori- 
zontal plane. Let us complete the consideration of the 
forces acting upon AB, The string BG will produce a 
force, which we call the tension of the string, in the direc- 
tion BG: this we will denote by T, And lastly, we have 
the weight of AB, which we may regard as one single force 
IV, acting vertically at the centre of gravity G. Hence 
the problem is that of a rod AB, under the 
action of the forces represented in the accom- 
panying figure ; and we may divest ourselves 
of all notion of wall, ground, &c., and confine 
our attention to the system of forces as there 
represented. 

Let us take another example : BD is a smooth heavy 

8 
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rod or beam, resting (as represented in the figure) in a 
fixed smooth hemispherical bowl ABC, the centre of which 




is 0, There will be an action of the bowl upon the rod 
at B and C, which we will denote by Jt and Bf respec- 
tively : what will be their directions? 

At B, only the extremity of the rod, which we regard 
as a point, rests upon the surface of the bowl ; conse- 
quentiy the pressure B will be perpendicular to the tan- 
gent at B, that is, its direction will pass through the centre 
of the sphere 0, But at C the si^ace of the beam is in 
contact with the edge of the bowl, which we regard as 
indefinitely thin; consequently the pressure B' will be 
perpendicular to BD the direction of the beam. 

In this case, as in the preceding, having once deter- 
mined the directions of the various forces, and represented 
them, as in the figure, we dismiss the consideration of the 
bowl, and confine our attention to the equilibrium of the 
beam BDy acted upon by the three forces B, Bf, W. 

The instances, which we have now considered, will be 
sufficient for our present purpose ; the subject will be 
further illustrated in a subsequent chapter, in which we 
shall be employed in solving problems, and shall shew by 
Mhat conditions the imknown pressures, of which we have 
been speaking, must be determined. 

4. We now pass to the case of rottgh surfaces. When 
a force tends to draw one body over the surface of another, 
there is, as we know by constant experience, a resistance 
to motion ; and this resistance we call the force oifridwru 
Its intensity manifestly depends partly upon the nature of 
the surfaces in contact ; thus it is more easy to dn^ a 
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load over a wooden floor than over a turnpike road, still 
more easy over a polished marble floor, and the resistance 
of this last may again be diminished by throwing upon it a 
small quantity of oil. Now, inasmuch as in all practical 
problems the force of friction enters in a very important 
manner, it has been the business of scientific men to deter- 
mine as far as possible by experiment what are the laws of 
its action. The following are the conclusions to which 
they have been led. 

5. Suppose two bodies to be in contact^ and one of 
them to be on the point of sliding over the surface of the 
other in consequence of some force acting upon it, and 
suppose it to be restrained from motion by the force of 
friction, then 

(1) The force of friction is proportional to the mutual 
pressure between the two bodies; and 

(2) The force is independent cf the extent cf the 
surface in cofitact. 

Suppose, for instance, that a body A rests upon a plane 
surface, and that the pressure ex- j^ 

erted upon the surface by its own ^ 

weight or otherwise is B; and 
suppose it to be on the point of 
moving in the direction AB under ^ 
the action of any force, and to be restrained from moving 
by the opposite force of friction F. Then Fh proportional 
toB, or Foe B; that is, if we double jB, we double F; a 
weight of 2 lbs. will offer twice as much resistance to 
motion over a rough horizontal plane as a weight of 1 lb. ; 
a weight of 3 lbs., three times as much, and so on. 

This relation is generally expressed by the equation 

F=tiB, 

where /i is a quantity called the coefficient of friction, and 
depending upon the nature of the surfaces in contact ; thus, 
for wood it will have one value, for slate another, ivory 
another. It will also depend upon the degree of polish which 
the sur£Eu;es may have, the absence or presence of any oily 
matter between the libdies, and so on. 

The second law teaches us, that provided the pressure 
is the same the friction does not depend upon the extent of 
surface in contact ; that is, a weight of 1 lb. will not exert 

8—2 
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more friction if it rests upon a surface of two square inches 
than if it rests on a surface of one^. This law however is 
not true in extreme cases, as when the surface in contact is 
reduced very nearly to a point. 

On the whole, the fcnrmula F—fiR will express all the 
laws of friction, if we remember that ft is a quantity in- 
dependent of i?, independent of the extent of surface in 
contact, and dependent only upon the nature of the surfaces. 

6. It will be remembered, that the friction of which 
we here speak is that friction which exists when the two 
surfaces with which we are concerned are on the point of 
sliding one upon the other ; this is called Statical Friction, 
When motion actually takes place the amount of friction 
is in general different; this is called Dynamical Friction^ 
and will not occupy our attention at present ; we may 
however mention in passing, that the same two laws hold 
for Dynamical as for Statical friction, but that there is in 
addition this law, that the friction is independent of the 
velocity with which the surfaces move. 

The following are a few results deduced by experiment: 

Wood upon wood, /li=*60. 

Wood upon m^ial, fi = *60. 

Metal upon metal, /a = *X8. 
These values may be much reduced by introducing 
between the surfaces any oily substance ; for instance, in the 
last case, if oUve oil be introduced between the metals, 
/Li = -12. 

7. Forasmuch as friction depends entirely upon the 
mutual normal pressure, the consideration of friction does 
not introduce any new unknown force into a problem. And 
in general, when a problem can be solved upon the sup- 
position of the surfaces involved in it being smooth, it can 

• This result is not so strange as it maj appear at first sight For sup- 
pose that a body of a certain weight rests upon another with a certain extent 
of surface in contact, and suppose that without altering the weight we 
diminish the surface in contact by one half, then if we regsJd the pressure as 
uniformly distributed ova* all the points of the snrftoe in contact, we shall 
have diminished the number of points by one half, but we shall have 
dofukled Ihe pressure upon each point, since upon ttie whole the same pressure 
has to be sustained as before. And since the friction varies directly as the 
pressure, the friction at each point will be doubled. Hence, on the whole, 
as we diminish the extent of surface in contact, we increase the intensity of 
the friction, and therefore the friction will be cat par. independent of the 
extent of surface. 
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also be solved with a little increase of trouble, but with no 
real increase of difficulty, upon the supposition of the 
surfaces being rough ; at least, it can be solved /or the state 
bordering on motion. In the machines, for instance, of 
the preceding chapter, friction is practically a very im- 
portant force, and one which may by no means be omitted; 
and it will be found, after what has been said, that there is 
no difficulty in introducing the consideration of it, provided 
only that we suppose P to be on the point of descending, 
or on the point of ascending ; these will form two limiting 
•cases, between which aU other possible cases will be in- 
cluded. 

8. We will now give a few examples of the solution of 
problems with friction, 

Ex. 1. The lever with friction. 

Let ^^ be a lever working upon a cylindrical axis 0; then if 
we suppose friction to exist 
between the surface of the 
axis and the aperture in 
which it works, and suppose 
that the lever is horizontal, 
but the extremity B on the 
point of descending, the 
pressure upon the axis will 
not be in the vertical di- -^ . W 

rection CD, but inclined to it at some angle 9, (suppose). Gall 
this pressure Jt, then we shall have a force of friction fiR, (as in 
the figure), tangential to the cylindrical axis, that is, perpendi- 
cular to the direction of Jt, 

Let A (7= a, BC= 6, and let r be the radius of the cylindrical 
axis; then, by resolving horizontally and vertically and taking 
moments about C, we shall have the following three equations ; 

JZsin d-fiR coa 0=0 (1), 

Jt cos ¥iaR sin ^=P+ W (2), 

Pa=^Wh-{-iiRr (3). 

Equation (1) gives us, 

tan 0=11 (4), 

and from (2) and (3) we have, 

lir(P ■\-W) = (cos ^ + A* sin 0)iJLRr, 

= {coi0 + lism0)(Pa- Wh)\ 
•.P{a(cofltf+AAsm^)-ftr}= Tr{6(co8 0+ii9m0)+iir}, 

P h{co%0 + ii%m0)-^iir 

fir " — " " ^^ ~- 

W a(cos^+fisin^)-/ir' 




118 On Friction, 

If we put for /Ji its value from equation (4), we have, 

P _ 6(cofl $+Bm g tan g) -Hr tan g 

W "" a(co8 ^ + sin^tantf) - r tan d 

(+r8in^ ,„ 

= r— i (6). 

In applying this formula we may find 6 from equation (4) by 
means of a trigonometrical table, and then put the value of sin ^ 
in (5). And it may be remarked, that the equations of problems, 
in which friction is involved, generally assume their simplest 
form when we represent the ooefficient of friction by the tangent 
of a certain angle. On the other hand, we may, if we please^ 
express the ratio of P to IT in terms of fi, and we have then 

p yi+At' 

a-r—=L= 

We have supposed that P is on the point of descending ; if on 
the contrary, TT be on the point of descending, we should find in 
like manner that 

6-r— ^=: 
P__ n/HV 

a+r , =. 

Vl+/*=* 
a result wjiich may be obtained from the other by changing the 
cUgdyraiccU sign of ii, 

Ex. 2. The inclined plane with friction. 
We will take the most general 
case, in which P acts in a direction jt, ^ 

making any angle « with the inclin- 
ed plane ; and we will suppose the 
weight TT to be on the point of 
ciscending; then the forces will be 
such as represented in the figure. ^y^"* Yw 
If a be the angle of the plane, we 
shall have by resolving parallel and perpendicular to the plane, 

Pcosc-Trsino-/J2=0 (1), 

Psme-Trcosa+ JZ =0 (2). 

Multiplying equation (2) by y. and adding it to (1) there results 
P (cos e + /A sin c) = TT (sin a + fi cos a), 
P sina + /tco8a ... 

=ir= : W» 

W cos c+/*8m c 




• t 
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If W be on the point of descending, tiie force of fiiction will 
be in the opposite <Urection, and the result will be 

P sioa-iicosa ,.. 

«7= ; — (4). 

W cos e-ji sin 6 

If, according to the remark made in the last example, we put 
tan /3 instead of fi, where /3 is a subsidiary angle deturmined by 
the equation 

tan/3=AS 
then (3} ftnd (4) become respectively, 



P 
W 



sin (a + /3) 



and ^ss.= 



P sin(a-i8) 




co8(e-/3)' W cos(c + /S)* 

By making /3=0 we reduce these expressions to those already 
investigated in page 91 for the case of the smooth incliued plane. 

Ex. 3. If in the last result we make P=:0, we have a=p, 
or the subsidiary angle /3 is the inclina- 
tion of the plane for which a weight 
will just not slide. Let us, as another 
example, determine directly the greatest 
angle at which a plane may be inclined 
without allowing a weight placed upon 
it to descend. 

The forces will be as in the figure ; resolving horizontally and 
vertically, we have 

i2sin a-fii2co8a=0 (1), 

JRcoaa + fiE sin a=W (2); 

from (1) there results, tan a = fif 

which gives us the angle required. Equation (2) gives us the 

value of R. 

Ex. 4. If the interior surface of a hemispherical bowl be per- 
fectly smooth, it is manifest that a particle cannot rest except at 
the lowest point of the bowl ; but if the surface be rough, the 
particle may rest at a distance from the lowest point: let us 
determine the limits within which this is possible. 

Let ABC be the bowl, 
O its centre, OB vertical, 2) 
the furthest point from B at 
which a weight W will rest, 
BOD=0, The forces will 
be as in the figure. Then, 
resolving horizontally, we 

shall have 

BsmO-fiBcoadzszOj 

or tan d=fi, 
which equation determines the position of J), 
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9. These examples will be suflBcient to illustrate in 
general the method of treating problems, when the surfaces 
involved in them are not perfectly smooth ; and they will 
shew that no new unknown forces are introduced into 
problems by the consideration of friction, provided we take 
only the extreme case in which the surfaces in contact are 
on the point of sliding one upon another. 

10. It may be observed that in practice friction may be 
regarded as a most useful force ; the climbing a hill, or even 
walking upon level ground, would be impossible without 
it ; for in this latter case the pressure of the foot upon the 
ground must, unless for this action of friction, be accurately 
normal to the horizon, a condition which in practice could 
not be satisfied. To take another instance ; when a nail is 
driven into a piece of wood, it would not remain in its place 
if it were not for the force of friction. In these and in hun- 
dreds of every-day instances, friction is a most useful force. 
Then, on the other hand, in the construction of machines 
friction is often far from useful, one great difficulty with 
which mechanicians have to contend being in some cases 
that of doing away with the effects of friction ; the construc- 
tion of clocks and watches is a good example. 

1 1 . Many devices are adopted for the purpose of dimin- 
ishing the resistance due to friction, in cases in which its 
action interferes with work to be done. Thus a large block 
of stone is transported by placing rollers underneath it, liie 
intention beiug to diminish the enormous amount of friction 
which would exist between the heavy block and the ground. 
The wheels of carriages are the same device in a more 
delicate form ; in this case the friction is reduced to that of 
the polished surface of the axle, which by a constant supply 
of oil or grease is made very small. And there is the very 
ingenious device of friction wheels. To understand this 
invention, let AB, CD be two wheels, 
turning about horizontal axes P, Q; 
and let there be upon the same axle 
Q a third wheel (not seen in the figure) 
behind CD and exactly similar to it; 
lastly, let EF be a wheel which we 
desire to cause to turn with as little friction as possible ; 
then its axle 0, instead of running in a socket, is allowed to 
rest upon the surfaces of the three friction wheels just 
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described. The consequence of this arrangement is, that 
any tendency to friction between the axle and the surface 
of the friction wheels, instead of being resisted by a fixed 
surface, causes the friction wheels to revolve, and thus the 
amount of friction is diminished to a very remarkable 
extent. 

1 2. The following is a description of a simple apparatus, 
which may be conveniently used for the purpose of in- 
vestigating the laws of friction. 

.^^ is a firm horizontal table, upon which can be 




fastened a flat piece CD of one of the substances concerning 
which we desire to make experiments ; EF is the other 
substance, which lies upon the surface of CD, and bears 
upon it the case G which may be weighted to any extent. 
A horizontal string FH, attached to EF, passes over a 
pully at H and carries a scale K which also may be weighted 
as we please. In order to make experiments upon the 
friction between two given substances CD and EF, we 
have only to put a certain weight in G, and load the scale 
iTimtil EFyjjii begins to move ; then it will be seen that 
the weight of the case G and its contents, added to the 
weight of EF, measures the pressure between the sub- 
stances, and the weight of the scale K and its contents 
measures the friction for the state bordering on motion. 
It will be easy to vary the amount of the weight in G, the 
nature of the surfaces in contact, and the extent of the 
surfaces ; the result of experiments so made is to establish 
the laws of friction which have been given in this chapter. 

It should be remarked, that in making' experiments 
with soft bodies, such as wood for instance, tiie amount of 
friction will depend to a certain extent upon the time 
during which the surfaces have been in contact, being less 
at first than it is afterwards. This is quite what we should 
expect; the increase of friction only takes place during a 
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limited time : thus with wood upon wood, for instance, the 
friction attains it greatest value after about two or three 
minutes ; for wood upon metals a longer time is required 
for the friction to attain its permanent value, sometimes 
even as much as several days. 

13. By the apparatus described in the preceding article 
we might of course determine the value of fi for any given 
substances. The value may however be obtained per- 
haps more simply thus. It has been shewn that if a be 
the greatest angle of inclination of a plane of given sub- 
stance upon which a portion of another given substance 
can rest, and if /a be the coefficient of friction for the 
two substances, then tan a=fju 
Hence to determine fi it will 
be sufficient to determine a; 
suppose now that AB is a bar 

moving about a hinge B in b. c ^ 

horizontal bar BC, and that CA is a graduated circular rim ; 
suppose also that upon AB we can screw a plate of one of 
the substances, and upon this plate let the other substance 
W\)e placed ; then let the extremity A be raised until TV 
is on the point of descending ; ABC will be then the angle 
a, and will thus give us the value of fi. 

14. "We will conclude this chapter by considering a 
problem of some interest, which involves the principles of 
friction. Every one must have observed the great ad- 
vantage gained by a sailor, who gives a rope two or three 
twists upon a post, and is able by so doing to maintain his 
hold upon the rope when a very great force is applied at 
the other end. The advantage gained manifestly depends 
upon the friction between the rope and post, and may be 
made intelligible as follows. 

Let us consider this problem : Two weights, P and W^ 
are connected by a string which passes over a given rough 
horizontal cylinder : P is on the point of descending, required 
the ratio of P to JV. 

Let ACB be a section of the cylinder; its centre. 
Then the string connecting P and TT will be in contact 
with the cylinder throughout the semidrcumference ACB. 

Now the difficulty of the problem consists in this, that 
the direction of the string upon the cylinder is constantly 
c h a ngin g its direction from point to point : in order to 
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overcome this difficulty let ns cut up the arc ACB into n 

smaJl equal parts, AD, BE, EF, ; join AD, DE, EF, 

and, instead of considering the circular arc ACBy let 




us consider the polygon ADEF and let us suppose 

the string to rest upon a prismatic post of many sides 
instead of a cylindrical post. 

Let us consider how the piece of string ^2> is held in 
equilibrium ; there will be the force P at A, and a force at 
D in the direction of DE, which will be composed partly of 
the tension of the string, which we will call P^, and partly 
of the friction, which we will call F, There will be a third 
force, or rather a system of forces perpendicular to ^Z> 
arising from the pressure of the surface of the post upon 
the string, but these forces we may consider to be equiva- 
lent to one single force acting at the middle point of AD 
-perpendicular to it and proportional to its length ; this force 
we will call therefore p ,AD, Lastly, it will be observed 
that the angle AOD is by construction equal to the n^ 



TT 



part of two right angles, or - . 

Now for the equilibrium of AD we have, resolving 
parallel and perpendicular to it 
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P = Pr + F. (1), 

p,AD=^PQmDAO-¥{P^+F)Go^ADO (2), 

and by the law of friction 

F=IL,p,AD (3). 

NowcosZ>-40 = cos-42>0=sin— ^— =sin-^ , 

alfl!) AD=AO chd.^0i>=2^0 ™^ ' 
/. equations (1), and (2), give us, 

2;,^0sin^ = 2P8in^; 

_ P 

.-. from (3), F=tiP.-^=2,iPmi^; 
and therefore from (1), 

In like manner if P, be the tension of the string at JS, 
we have 






And so on. But we have divided the circumference ACB 
into n parts; consequently, according to our notation, 



Fr=P«=p{l-2/*sin^|". 



This formula will explain the advantage of wrapping 
a cord upon the surface of a many-sided prismatic post, from 
which the case of a cylinder is not a very difficult step. 
For, suppose we have a prismatic post of 2n sides ; and let 
P and Q be the two forces which are in equilibrium at the 
extremities of a rope wrapped upon it, P being on the 
point of overcoming Q ; then it will appear, that if we make 

for shortness' sake f 1 - 2/* sin ^ j = r, 
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for one complete turn upon the post, Q=zPr, 

...two Q=Pr\ 

...three Q=Pf*, 

and so on : that is to say, as the number of turns increases 
in an arithntetical progression the mechanical advantage 
increases in a geometrical. 

The same conclusion will hold for a cylindrical surface. 
In this case the quantity which has been called r has a 
value, which might be obtained by making the quantity n 
which occurs in it indefinitely great*. But without doing 
this it may be remarked that what is true for a polygon of 
as many sides as we please may be concluded to be true of 
a circle ; and therefore it may be concluded, that if we 
have a cylindrical post round which a rope is wrapped, the 
mechanical advantage thereby gained increases in a geo- 
metrical progression as the number of turns of the rope 
increases in an arithmetical. Thus, if with the exertion of 
a force of 6 lbs. I am able with one turn of the cord to 

sustain a pressure of 24 lbs., then r=— = - , and two turns 

of the rope will enable me to sustain 6 x 4' or 96 Ibs.^ three 
turns 6 X 4^ or 384 lbs., and so on. 



EXAMINATION UPON CHAPTER VIII. 

1. Determine the direction in which the mutual pressure of 
two smooth surfaces in contact takes place. 

2. Define friction, and enunciate its laws as determined by 
experiment. 

3. Investigate the relation of P to PT in the case of the lever, 
taking into account the action of friction. 

4. The same for the inclined plane. 

5. The same for the screw. 

6. Find the greatest angle of elevation of an inclined plane 
for which it is possible for a lump of a given substance to rest 
upon it. 

* The result would in fact be, 

where « is the base of Napier's logarithms, and m is the number of times the 
cord is wrapped round the cylinder. 
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7. A heavy particle is placed upon tbe exterior of a rough 
sphere ; find the limits within which equilibrium is possible. 

8. Given the magnitude of the .horizontal force (P), which 
will just support a given weight ( W) upon a plane of given inclina- 
tion (a) ; determine the coefficient of friction. 

9. There is a block of wood which can be just lifted by the 
combined strength of two men, determine the greatest angle of 
elevation of a wooden inclined plane "apon which it can be 
supported by one man, {fi=l); the man exerting a force parallel 
to the plane. 

10. Prove that in the preceding problem the elevation of the 
plane, upon which one man can support the weighty is twice as 
great as that for which the weight would rest by itself. 

11. Explain the manner of making experiments concerning 
the laws of friction. 

12. Assuming the law, that when the extent of surface in 
contact of one body resting on another is given, the friction for 
the state bordering on motion varies as the pressure ; deduce the 
truth of the other law of friction, namely, that the friction is inde- 
pendent of the extent of surface in contact. 

18. What is meant hy Jriction wheels t explain their use. 



CHAPTER IX. 



PROBLEMS. 



IN this concluding chapter we shall give a number of. 
problems, of such a nature as to be capable of solution 
by means of the principles ahready laid down. Some of 
the problems will be solved by way of illustration; in some 
hints towards solution will be given; and some will be left 
entirely to the ingenuity of the student. 

The following short collection of hints and rules for the 
general method of treating problems may probably be 
found useful 

1. Draw a figure of the system as accurately as possible, 
representhig by arrows the directions of the various forces; 
aQ forces, of which the magnitude is not known, to be 
denoted by symboH P, Q, B, &c. 

2. If the system contains more than one body, the 
action and reaction between the various bodies at their 
points of contact must be considered ; the action and re- 
action between two bodies will be always equal in magnitude 
and opposite in direction, and if the bodies be smooth the 
action and reaction will take place in the line of the 
common normal at the point of contact. When these 
forces have been taken into account, the equilibrium of each 
component body of the system may be considered sepc^ 
rately. 

3. Resolve the forces acting upon each body of the 
system in two directions at right angles to each other, and 
equate each result to zero : take moments about any point 
for each body, and equate the result to zero. 
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In the resolution of the forces, it is not generally of any 
serious consequence what directions of resolution are chosen ; 
but in taking moments it is desirable to choose the point 
about which they are estimated, in such a manner as to 
give the simplest results ; thus, if the directions of two or 
more forces pass through a point, it is generally desirable 
to take the moments with reference to that point 

4. Count all the mechanical equations thus produced, 
and count the unknown quantities both mechanical and 
geometrical ; if the number of unknown quantities exceed 
that of the equations, the deficiency must be supplied by 
geometrical equations, that is, by equations expressing 
necessary geometrical relations amongst the parts of the 
system. 

5. If the surfaces of bodies which act upon each other 
be rough, the solution of a problem is in general inde^ 
terminate except for the state bordering on motion, that 
is, for the position in which the bodies are on the point of 
sliding upon each other. In this limiting case^ the friction 
acts in the direction opposite to that in which motion would 
take place, and is proportional to the mutual normal 
pressure. 

6. The process which has been here described may not 
unfrequently be abbreviated by artifices peculiar to in- 
dividual problems. Especially it may be noticed, that when 
there are only three forces acting upon a body, the position 
of equilibrium may generally be simply investigated by 
making the construction of the figure satisfy the necessary 
condition of the directions of three forces all passing 
through the same point. 

7. The student must not be surprised if the solution 
of a problem lead to an equation, either algebraical or 
trigonometrical, which he is unable to solve ; indeed it not 
unfrequently happens, that a problem of apparent mecha- 
nical simpUcity leads to such a result. This usually arises 
from the fact of the mode of solution adopted necessarily 
involving other cognate problems, and therefore giving the 
solutions of them as well as of that with which he is 
engaged. 

8. It may be remarked, as a matter worthy of the 
student's attention, that the thorough comprehension of 
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one problem, solved by himself^ will do more to assist him 
in understanding the principles of Statics than the half- 
comprehension of many. On this account it is recommended 
to 1dm, when he has solved a problem in one way, to vary 
his method of proceeding and solve the problem agaio. 
Thus ; he may assume new directions of resolution, and a 
new point with respect to which to take moments ; or he 
may endeavour to abbreviate the solution by geometrical 
construction; or he may vary the circumstances of the 
problem in some of its details. Examples of this will be 
found in the collection of problems following. 

9. In making use of the collection of problems, the 
student is recommended to consider well, and to attempt 
to solve, those problems of which the solution is given in 
full, before he examines the solutions. The solved problems 
will be, comparatively speaking, of little profit to him, unless 
used with this caution. 

With these hints the student may enter upon the con- 
sideration of the problems which follow, and which of 
course might be indefinitdy multiplied. They will be found 
to be not exclusively problems concerning the position and 
conditioDs of equilibrium of rigid bodies ; amongst them 
are problems concerning the equilibrium of a particle and 
the properties of the centre of gravity, and some concerning 
the equilibrium of a string. 



I. Three forces act upon the sides of a triaagnlar board, and 
in directions perpendicular to the aides : to prove that for equili- 
brium the forces must be proportional to the sides upon which 
they act. 

Let ABC be the triangle; P, Q, B €tie forces acting at the 
points J), £, F respectively; produce the 
directions of P and Q to meet in 0, then 
FO must be the direction of R, otherwise 
there could not be equilibrium. 

Then by a theorem already proved, 
p. 56, 

P : Q : -B :: sin EOF\ sin FOB : sin DOE^ 
^' sin ^ \wax.B : sin (7, 
:: BG \CA : AB, 
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II. Treat tbe preceding problem by resolving the forces and 
taking moments. Shew that if BD=x, CE=y, AF=z, this 
method of solution leads to the conclusion, 

a; sm il + y sm 5 +z sm C= 7 x area of tnangle : 

«* uoc 

and explain the meaning of this condition. 

III. If d be the angular distance of a body from the lowest 
point of a circular arc in a vertical plane, the force of gravity in 
the direction of the .arc : that in the direction of the chord : : 

2 cos- : 1. 

rv. A straight lever of uniform thickness, the length and 
weight of which are given, has two weights P and Q attached to 
its extremities, and is kept in equilibrium partly by a fulcrum at 
a given point, and partly by another fulcrum on which it presses 
with a given force ; required the position of this latter fulcrum. 

V. A beam, 80 feet long, balances about a point at one- 
third of its length from the thicker end ; but when a weight of 
10 lbs. is suspended from the smaller end, the fulcrum must be 
moved 2 feet towards it in order to maintain equilibrium. Find 
the weight of the beam. 

VI. A heavy body is ta be conveyed to the top of a rough 
inclined plane, the angle of inclination being a; prove that if the 

8iu(450-|) 
coeflScient of friction be greater than ^^— -^— ^ , it will be 

sinU60 + |j 

easier to lift the body than to drag it up by means of a cord 
parallel to the plane. 

VII. If (7 be the centre of gravity of the triangle ABC, 
then 

VIII. CA^ CB are the arms. of a bent lever; G is the centre 
of gravity of the lever ; prove that 

IX. Two weights P and Q, connected by a string of given 
length, balance each other upon the surface of a sphere. Re- 
quired the position of equilibrium. 

X. If three weights, placed at the angular points A, B, C 
of a triangle, are respectively proportional to the opposite sides 



Problems. 



331 



a,h,c; prove that the centre of gravity of the weights is a point, 
the distances of which from A, B, C, are respectively, 



26c A 

— 7 — cos— , 
a+6 + c 2 ' 



lea 



lab 





7 cos —■ , 1 COS — . 

a+b+c 2 a+b+c 2 



XI. Two forces i^ and JF", acting in the diagonals of a 
parallelogram, keep it at rest in such a position that one of its 
edges is horizontal ; shew that F sec o=^'sec a'= TTcos (a + a% 
where W is the weight of the parallelogram, a and a' the angles 
between its diagonals and the horizontal side. 

XI!^. A uniform beam AB, of given length and weight, 
rests with one end on a given inclined plane, and the other 
attached to a storing AFP passing over a pully jP at a given. point 
of the inclined plane. Knowing the weight P fixed to the other 
end of the string, find the position in which the beam rests. 

XIII. Find the limits of possibility of the preceding 
problem. 

XIV. C Also solve the problem for the particular case in 
which the string AFia horizontal. 

XV. By means of tables obtain a numerical result for the 
angle between the beam and the plane. When the inclination of 
the plane is 45^, the weight of the beam 4 lbs., and P=31b8. 

XVI. A smooth sphere 
of which the centre is 0, rests 
upon an inclined plane AM 
at i>, and is kept in equili- 
brium by the uniform beam 
AB, which, moving about a 
hinge at A, presses upon the 
sphere at C. - Kequired the 
conditions of equilibrium. 

Let a=MAN, the angle 
of the plane; TT, W'he the 

weights of the beam and A X 

sphere respectively. At the point C there will be an action of 
the sphere upon the beam, and an equal and opposite action of 
the beam upon the sphere ; call this jR, its direction will be per- 
pendicular to the beam and through the centre of the sphere. 
At D there will be an action of the plane upon the sphere, R' 
suppose; its direction will be DO, The beam will be kept in 
equilibrium by the forces jR, W acting at G the middle point of 
AB, and a pressure at A which we need not consider; the sphere, 
by the three forces W at 0, R and R\ 

Let r=the radius of the sphere; AC=AJ)=x; CAJ)=$. 

9—2 
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Thm, for the beam, talung momeiiti ibbout A, 
M^Wacfmie-k-a) (1). 

For the sphere, 

J28m(^+a)=-B'8ipo (2), 

-BcoB(d + a)+Tr'=iJ'co8o (3). 

And we have the geometric^ relation^ 

o=a;tan^i (4). 

Multipl jfng (2) by ooe a and (3) bj ain a and subtracting, we 
have^ 

B {an (^+ a) cos a w 008 (^+ o) sm «} - fTshi^sO, 
or JSsln^aff' Bina; 
.'. combining this equation with (1), there raralti^ 

X Wa 008(0-^ a) 
sin 9 W^' sin o ' 



WcoB(0+a) *^*2 ^^2 1 

^■^2^S 2sm»j 



W 

••. 2 -= cos (^+ a) sin* -=8in o, 

V7 

or sin a cosec'-= (2eo8acos^-28ina8in ^)w/# 

^ri+cot«2)=2coto^cos»--Bin«2J-48in^ooB2; 
,-.^^l + cot>|y=2cota(oot«|-l)^4()Ot|, 

e:(5.x)V.|..^.{5-,). , 






This is the simplest form to whidi the equation can be i«- 
duced; it has been already remarked, that not unfrequently 
statical problems of no great degree of complication lead (as in 
this case) to equations which we are not able to solve. 

If the position of equilibrium be assigned, that is, if ^ or x 
be given, the equation which we have obtained gives us the ratio 
of the weight of the sphere to that of the beam, for we have 

W_ 2 cot g (g' - o*) - 4aa; 

W ^ (a^^ + a")* 

From this equation we can obtain a limit of the possibility of the 

W 
problem ; for •=- must be positive, therefore we must have 

2 cot a («^ - a*) - 4ax positive^ 
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Suppose, for batonce, tlwt x=Sa, thea 
t»nomurtbo<i<.7ffi 
ora<8S»62'; 
W 2cotax8-8 
Kidthea^- ^^ . 

Thoa if n=30», cot a= ^ 

W' 9jS-a 10.89-8 1 ■ .._ 

that is, if the inoKnaldoD of the pUoe be SO", and the diatanoe ot 
Mthar point of oontoot of the sphere from the hinge equal to the 
diameter, then for equilibrium the beam murt be about 10 timea 
aa heavy oa ^e apbere. 

In Uie particniar oaae of the wraghte of the spbara and beam 
being equal, the biqoadratio upon which tJu problem dependt la 
raducibla to a cubic : this the rtudent m»y ^ve. 

XVII. AJBO U a piece 
of wood, in Ibe form of a 
right-Migted triangle, resting 
upon > amooth horizontal 
plane J}E. The heavy ver- 
tioal beam FQ, whoae weight 
ia W, paising tliroagh two 
rings leata npon tha inclined 
plans AB. Find tbe hori- 
zontal force P, which is ne- 
oeasary to prevent motion. 

XVIII. Und the relation of 
i* to If in each of the accompany- 
ing systetn* of Pullie«. 

XIX. A nnifomi rod, 60 fiwt 
long, is out into two poeces of 18 
and 32 fset respeotively, and these 
are placed npon a smooth horizon- 

'. pUms wiUi their lower ei- 



otiler, md tbe npper oitnraiUes 
leaning agalmt two snieath verti- 
cal pUnea; also tbe two rods are 
at rigbt anglea to each other ; And 
the distance between the walk. 




134. 



Problems, 




XX. A uniform beam rests with its > extremities upon two 
given inclined planes ; to find the position of equilibrium. 

Let A B, AC he the inclined planes, 
a, )3, their respective inclinations; 
DE the beam, its middle point or 
centre of gravity, W its weight, 2a 
its length ; R, R' the actions of the 
two planes at D and E, which will 
be perpendicular io AB and AC. 

Then if be the angle which DE 
makes with the horizon, we shall 
have, by resolving horizontally and vertically and taking moments 
about G, 

i2sina-i2'8ini3=0 (1), 

i2ooso + i2'coBj8=Tr (2), 

i2a cos (o + d)-i2'a cos (/3-^) = (3); 

from (1) and (3) 

cos(a-}-g) _ cos (p-O) ^ 
sina "" sin)3 ' 

or, cotacosd-sind=cot j3cosd + sin d; 
or, 2tan d=cot a-cot j3. 

XXI. Let us solve the preceding problem by a different 
method. The directions of Jl and If if produced must meet in a 
certain point P, and the direction of W produced must pass 
through this same point. Suppose them to do so ; then in the 
triangle PDG, GPD—a, (for it is the inclination of DP io the 
vertical, which must be the same as that of ii^ to the horizon,) 

PDG=dO^ - ADG=dO^ - a- e, 

^ PG _BmPDG _ coB{a + e) 
''* DG" BinGPD" sina ' 
in like manner, from the triangle PEG, 

PG __ cos (/3 - 6) 
m" 8in/3 ' 
hnt DG=^EG; 

.•.?2i(^)=^?^>, as before, 
sm a smjS 

XXn. In the particular case in which the angle between 

the two planes is a right angle the result assumes a simpler form, 

and moreover gives rise to a remark upon a still different method 

of solving the problem. In this case, ^=90^- a, and our equa* 

tion becomes 



2tan d=cot a-tan a=^ 



tana 



tan a= 



1 - tan'a 
tana 
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.*. tan 2a= 



2 tan a 



=cot^=tan(900-^); 



1 ~ tan*'' a tan 
or, 2a = 900-d, or, ^=900-2a. 
Now suppose in this case that we make the beam J)E to assume 
. C 




all possible pontions while its extremities move upon the planes 
AB, AC; then it is well known (and is easily proved) that the 
middle point will trace out an arc MGN of a circle LGO, of 
which the centre is A, and the diameter !>£, (LO la taken as the 
horizontal line). Then, since we may regard the weight of the 
beam as collected at 0, the problem is precisely the same as that 
of finding the position of equilibrium of a particle upon the 
surface of the semicircle LOO, It is manifest that this position 
will be the highest point of the circle ; therefore draw AO vertical, 
and the intersection of this line with the circle will fix the position 
of ; through G draw JDGE so as to be bisected in G, (which may 
be done in several Ways,) then DGE is the required position of the 
beam. And we have, 

GAJ)=:GDA=a+0; 
hutGAD=90^-DAL=9Q^-a; 

or 6= 90<> - 2a, as before. 

The problem might be worked out in a similar manner for the 
more general case, but the locus of G would then be an ellipse 
instead of a circle, and the solution would not be so simple, lliis 
method of solution has the advantage of pointing out the character 
of the equilibrium of this problem with respect to atdbility (see 
p. 42) ; for it is evident that the equilibrium of a particle upon a 
smooth circle is unstable or only theoretically possible, therefore 
also the equilibrium of the beam DE is unstable. Practically the 
influence of friction will make the equilibrium possible, and that 
within considerably wide limits : let us inv^tigate this case. 
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XXIII. Sappoae the extremity 2> to be oai the point of 
deaoendiDg, then the friction at 2> will be in the direction BD, 
that at E will be in the direction MAf and the equations of the 
problem will be aa fbUowa^ (see fig. p. 134) : 

i2sina-Aii2oosa-i2'8in/3-/J2'coB /3=0 (1), 

JtcoBa+fiRmna+RooBp-/dXtmp=W. (2), 

SaooB{a+e)+/iBaan{cL+ 0)-B^acoB{fi-0)+fiRaan(p- 9)=0(3). 

From (1) and (3) we have 

ooe(tt-fg)+Mgin(<H-^ _^ coB<ff-^~Mrip(/?~^) 
Bina-|iOoea dn/S+ftcos/S 

Let OB simplify this equation by patting |i=tan^ then 

ain(a-/) - sin(^+/) ' 
and 2 tan ^=cot (a -/) - ooi(fi+f). 

This gives us the yalue of tf when D is on the point of dasoend- 
ing; tf, on the other hand, D be on the point of aocendingi we 
have only to change tfaa sign of f, audi caUing the value of $ for 
this ease ^^ we have 

2 taa#'»oot (oHV>*coi (|5-/). 

In the particular case in which /3=90^ - a, 

2 tan tf « oot (• >/> - tsA (a -/)» 

«Dd ^=90«-2«+2!/; 

simihurly, ^=90«-2o-y, 

. 0-ef 

that Is, the subsidiary angle /which we hav^ introduced is one- 
fourth of the angle between the two extreme positions 6£ the 
beam. 

XXIV. Yaiy the preceding problem by taking one of the 
planes vertioal; and let the planes be (1) smooth, (2) roo^ 

XXV. Vary it again by considering it as in XXIII^ except 
that one plane shall be rough and the other smooth. 

XXVI. A nnifom beam rsets npen » prop, with one 
eztnmity in oontaet with a smooth vtnrtioal mXL To find tlit 
conditions of equilibrium. 
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Let ^^ be the beam ; G its 
middle point, or centre of gravi^, 
W ito weight) 2a its length, MN the 
wall, 12 the pressure of the wall 
upon the beam, which will be hori- 
zontal. D the prop, c its distance 
DE from the wall, P the pressure 
of the prop on the beam, which will 
be in a direction perpendicular to 
A B, Also let be the angle which 
AB makes with the horizon, or 0=A1)B, 

Then resolving horizoutally, and verticallyy and taking mo- 
ments about Ag 

B-PBme=0 (1), 

W-Pcob9=0 (2), 

Pcsec^-TTacos^^O (3). 




From (2) and (3) 



esec^sacos'^, 
or cos' 0= - , 



cos 9 



-©'• 



which determines 0» It appears from the result that c must be 
less than a, as is represented in the figure, and as must manifestly 
be the case. 

XXVII. We may solve this problem otherwise. In the tri- 
angle ASI}, the sides AE, ED, DA are respectively perpencBcukr 
to the directions of the forces E, W, P; hence they are In the 
same p roportion as those foives, that is, 

S : W : P :: AE : ED : DA, 
:: an $ : COB : 1, 

HiiB proportion is equivalent to equations (1) and (2). But we 
must obtain another equation in order to solve the problem ; this 
is done from the consideration that the (firectioiM of three forces 
must meet in. one point ; let tbem meet in J7. Then 



cos^= 



AD 
AH 



caeo0 «- « , - 

: --, or cos'^=- as before. 

acos a 



XXVnt. Tary the preceding problem by taking the plane 

Ify ineUned at an angle a to the horiam. 

If be the angle between the beam and MN, the nsvlt is 

c 
sin' ^oos (a - ^) s- sin CF, 
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XXIX. Take the problem as before, with the ezoeption of 
supposiDg a weight W suspended from B. 

XXX. If the wall be rough, find the limitiDg positions of 
equilibrium. 

XXXI. Three uniform beams of length 2a> 25, and 2a 
respectively, and of equal thickness, are loosely jointed together 
and suspended symmetrically from a fixed cylinder, of which the 
axis is horizontal and the radius greater than 6, the middle beam 
resting upon the cylinder. Determine the pressure at the three 
points of contact ; (1) when 2a is greater than h ; (2) when it is less. 

Let AB, BQy CD be the three beams, E, G\ F the points of 
contact, the middle point of AB. The figure wiU sufficiently 
explain the forces which act ; it need only be remarked, that the 




action between the two beams at B is assumed to be one force P 
Ibcting in a direction determiued by the angle 6 which it makes 
witiii the horizon ; we might have assumed a horizontal and verti- 
cal force, but have chosen to assume one force in a direction to be 
determined. ^ 

. Letr be the radius of the cylinder, EOCF^a^ then the equa- 
tions for the beam AB are 

Pco8d-jBsina = (1), 

Psind + jBco8a=Tr (2), 

Bb- Tracosa=0 (3); 

for the beafn BC, 

Bl-^Pfsme^W (4); 

the other two equations are identical ; and those for CD are the 
same as for AB, And we have the geometrical relation, 



&=rtan 



(5). 
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From (3) 

a 

1 - tan'- 

„ Wa Wa 2 War^-I^ 

l + tan^ - 

It will be observed that the problem is set with the condition 
that r is > 6, and it is manifest that the beams AB, CD could 
not otherwise be in contact with the cylinder ; in the expression 
just found for i2, if r be less than by R becomes negative ; which 
shews that the beam AB could not be in contact unless held by a 
string, the tension of which would be a force in the opposite 
direction to that assigned in the figure to R, 

Again, from (4), 

jB'=TF'+2Psin^, 

= lf + 2l7-2i2cosa, from (2), 





-'-*M^-HM)'\- 



Since the beams are of equal thickness we must have 

W : W :: h : a; 

Let us simplify these expressions by supposing that r=2b, 
Still further, suppose that a=2b, 

XXXIL The case in which 2a is < 5 we shall leave to the 
student's own ingenuity, merely remarking that he will find the 
mechuiical equations, with one exception, to be the same, and 
that he must substitute a new geometrical relation for equation (5). 
No step can be conveniently taken for the solution of the problem 
beyond writing down the appropriate equations. 

XXXIII. Two equal and similar rough beams are fastened 
together by two of their extremities, so as to include a given 
angle and together to form one rigid piece; the piece thus formed 
is balanced upon a fixed rough horizontal cylinder. Determine 
the limiting positions of equilibrium, the coefficient of friction 
being tan/. > 
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The stadent may, if he please, Bimplify this problem by taldng 
the angle between tiie beams a right angle, and each of the beams 
equal in length to the diameter of the cylinder. 

XXXIV. A person suspended in a balance, of which the 
arms are equal, thrusts his centre of gravity out of the yertical 
by means of a rod fixed to the further extremity of the beam of 
the balance, the direction of the rod passing through his centre of 
gravity: given that the rod and the line from the nearer end of 
the beam of the balance to his centre of gravity make angles a, fi 
with the vertical, shew that his apparent and true weights are in 
the ratio sin (a+ /3) : sin (a - /S). 

XXXV. A uniform beam is placed in a fixed smooth hemi- 
spherical bowl, the diameter of which is less than the length of 
^e beam; find the position of equilibrium. 

We will leave this problem to be treated by the student accord- 
ing to the genera! method of resolution of forces and of moments^ 
and will insert a geometrical lolutioxi. 

Let AB be the beam, CDE the bowl, its centre ; draw A OF^ 
and EF perpendicular to AB, to meet in F; these will be the 
directions of the two pressures iZ, i^, at ^ and E, From F draw 

F 




a vertical line^ whi<^ must pass through (?, the middle pdot of 
AB, and be the line of action of its weight W, Let r be the 
radius of the sphere, AB^2a,9^ib» angle which AB makes with 
the vertical^ or FGE^Q. 

Then OAE^ OBA « 90^ - ^. Also mu»ABF is a right sd^^ 
a semidrole described upon AF will pase through E^ »\A O^n OF, 
<a AFa2r. 

Kow ItoiB the triangle FAQ, we have 

AO mnAFQ 
AF'^AOF"" 
a 8in(g'-90<4'tf) _ _ em^0 ^ 
®'2r"" Bin^ "" ein^ * 
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a 



.•. cob2^+ — 8iii^=0, 

4r "* 

a quadratic for determizuDg 0. 

The student may perhaps be puzzled by obtaining a quadratic, 
which must have of necessity two roots, when apparently one 
answer only was required to the problem : by solving the equa- 
tion, (or by observiDg the sign of its last term,) he will perceive 
that one root of the equation is positive and the other negative, 
and since the angle which he requires is manifestly less than 180^ 
he wUl know that the positive root is that which he seeks. The 
fuU explanation however of the existence of the negative root 
would lead us into difficult considerations, which are better for 
the presmt omitted. 

XXXVX Consider the preceding problem, taking account 
of friction, 

XXXYII. An aperture is made at the extremity of a hori- 
zontal diameter of a fixed hollow sphere, and a rod without 
weight and of greater length than the diameter of the sphere 
inserted; given the length of the rod, determine the conditions of 
equilibrium when it is acted upon by a given horizontal foroe, at 
the extremity which lies without the sphere. 

XXXVIII. iiO^ is a fixed vertical rod in a fixed hemi- 
spherical bowl CBDf of which the 
centre is 0. PQ is a uniform rod 
resting upon the bowl at Q and upon 
A OB at P : to find the position of 
equilibrium. 

Join QOf this will be the direction 
of the pressure of the surface of the 
bowl upon the rod at ^ which call R. 
The pressure Bf of the rod A OB upon 
PQ at P will be horizontal. The 
weight W of PQ will act parallel to 
A OB at the middle point G of PQ. Let QPB=0, QOB=<f>, 
BO=r, andPQ=2a. 

Then resolving horizontally and vertically, and taking moments 
about 0, we have 

JSf-Itsm4>=0 (1), 

W-RooB 0=0 (2), 

i2'aooa^-i2<iBin(0-^)=:O....(3). 
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And we have the geometrical relation,. 

2a Bin 4> ,.. 

"7 = ^1^ ^^* 

Now from (1) and (3) there results 
sin ff> cos = sin (^ - 0) 

=sin cos ^ - sin ^cos 0; 

.*, sin ^co8^=0. 

Hence either ^=0, or ^=90®; the latter is not possible, 
because (2) would give us Tr=0; hence ^=0 is the only solu- 
tion, that is, the rod PQ must stand vertically, in which case it 
is manifest that there will be equilibrium. 

Consequently there is no such position of equilibrium 9S that 
which we have represented in the figure ; and a little considera- 
tion would have pointed this out to us at first, for it is evident 
that the du-ections of the three forces TV, R, R' cannot pass 
through the same point, which is an essential condition of equi- 
librium. 

XXXIX. A ladder being placed against a perfectly smooth 
wall, find the smallest angle of elevation for which equilibrium is 
possible, the coefficient of friction between the ladder and ground 
being given. 

XL. A hemisphere ABC being placed in contact with a 
smooth vertical wall, as in the figure; to find 
the nearest point to O at which a smooth prop 
being placed, the hemisphere will be at rest. 

Let be the centre of the sphere; draw 
0GB horizontal, then it is evident that the 
centre of gravity of the hemisphere will be 
somewhere in OB : let it be (? ; the exact posi- 
tion of (? is a matter of indifference so far as the 
method of investigation is concerned, but we 
may as well assume that which can be proved, 
namely, that OG \ OB \: Z : ^, Let TT be the weight of the 
hemisphere which acts at G. 

Again, if there be a prop at any point P, it is plain that the 
hemisphere cannot fall without twisting so as to separate itself 
from the wall ; just before the final separation takes place, the 
lowest point will be the only point in contact with the wall : 
hence we may suppose the action of the wall to produce a force 
R at the point (7, and in the direction perpendicular to ii(7, i. e. 
in the horizontal direction. 

Let the directions of W and R intersect in N. Then the third 
force arising from the pressure of the prop must also act through 




Problems, 143 

N\ but this force must also act through 0, siuce it must be 
normal to the surface of the sphere ; hence, joining NO, this must 
be the direction of the force, and the point in which NO meets 
the hemisphere will be the point required. 

CN 3 
If we denote by the angle CON, then tan — ^-^ =-, or 

C/C o 

0=20® 33' : and the angle B thus found will entirely fix the posi- 
tion of the point required. 

We have solved this problem by a geometrical construction, 
as being the neatest method of treatment. If however we had 
taken P as the point, and denoted GOP by 0, and the pressure 
at P by R\ we should have had the equations 

i2'cos^=Tr. (1), 

Iif&me=R (2), 

R.OC=^W.OG (3); 

(1) and (2) give u^ 

tan0=-j^, 

and from (3) 

W'OC"^* 
3 
.'. tan = - as before. 

o 

XLI. Consider the preceding problem on the supposition of 
the wall being rough. 

XLII. If the wall be smooth and the prop be not at the 
nearest point possible to C^ but at any other point P such that 
COP — a, determine the pressure upon the wall and prop respec- 
tively. 

XLIII. A cylinder lies upon two equal cylinders, all in 
contact, and having their axes parallel : and the lower cylinders 
rest on a horizontal plane : tan /, tail /' are the coefficients of fric- 
tion respectively between the cylinders, and between the cylinders 
and the plane. Supposing the points of contact all to slip at the 
same instant, find /and/'. 

Let W be the weight of the upper cylinder, W^ that of either 
of the lower ones, R the action between two cylinders, K between 
either of the lower cylinders and the plane ; a the angle which the 
line joining the centres of the upper and either of the lower 
cylinders makes with the vertical. (The student can supply the 
figure.) Then the equations of the problem will be as follows. 
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For the upper cylinder, 

2i2 COB a+2i2 tan/sin a=Tr, 

, _ WcoBf 
or J2co8(o-/)=s — 5 — 



■a). 



For either of the lower cylinderB, 

J28in(a-/)=coe/tan/'JJ' (2), 

J2co8(a-/)=(i2'- W')co6f (8), 

J2tan/=i2'tan/' (4). 

From these four equations we can eliminate J2 and R, and find 
/ and/'« From (2) and (i), we have 

Bin (o-/)=8in/; 

.•.a-/=/, or/=^. 

Again, from (1) and (3), 



^=Bf^W', orJJ'=Tr'+^, 



from (1) and (2) 



tan(a-./)= 



or tan - = 



W ' 
2Tr'+ w 



w 
w 



tan/; 



XLIV. A number of weights Wi, Wg, W^, are con- 
nected by strings of given length, the extremities being attached 
to two points in the same horizontal line, bo as to allow the 
weights to hang in a festoon below; to find the conditionB of 
equilibrium. — TKe Funicular Polygon^ 

Let B, (7, D, ...be the a G- 

weights; A, the points of 
suspension; AB=sa, B0== 
a%, &c. AQz^c] also let the 
angloB which AB^ BO, ... 
respectivelj make with the 
vertical be 9^e^...\ lastly, let 

T^ Tf be the tensionB <^ 

the striogB* 

Then the weight W^ is kept in equilibrium by its own weight 
acting vertically, Ti acting in the direction BAj and T, ^ ^® 
direotion BO, Hence resolving horizontally and vertically we 
have, 
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riBm^i=^aflin^8 (1), 

T^coBei-'T^QOBe^=Wi (2). 

We shall liave two similar equations for each weight; suppose 
there are n of them, then we shall have 2n equations. Let us 
consider how many unknown quantities there will be. There are 
n + 1 strings, therefore there will be w + 1 unknown forces TiT^... 

7'«+„ and n + 1 unknown angles ^i 6^ 9»f, ; on the whole then 

there will be 2n + 2 unknown quantities ; but there are only 2n 
mechanical equations, therefore we must have two geometrical. 
One of these will be the following, which arises from the fact of 
AQ being given, 

a|Sin^i + a3sin9s + + <t<M-i m.i^9^i — e. (A) 

The other is obtained thus ; let D be the lowest point of the 
festoon, and let Wp be the weight which hangs at JD, then the 
vertical distance of D from AO is 

a\ cos ^1 + a^ cos 0^+ &c. + Op cos dp ; 
but the same vertical distance is also equal to 

a^H-i cos «^i.+ +a^iCos ^^i ; 

.*. aiCos^i + +apOOBdp = apj^i cos ^,h-i+ + a^,cos^^i.(B) 

Thus we have obtained the 2n + 2 equations required. 

To complete the solution of the problem so far as it can be 
completed, let us write down equation (2) and all those of the 
same class : and to simplify the problem we will consider all the 
weights equal, then 

Ti cos $1 - Ta cos 02= W, 
Ta cos Oa- 5^cos^8x= Tf, 



TnCoa0»-T^^coa0^^=W; 
subtracting the second of these equations from the jGM, we have 
T^ cos 0i-'2Ta cos 02 + T^ cos 02^ 0. 
But by (1) Ti sm ^i = ^, sin ^„ 

and in like manner, T, sin ^^ = jTb sin 02, 

•% jTi sin ^1 = jTfl sin ^9 = Ts sin ^s = ^ suppose ; 

• T--^ 71,=— 7»--A_ 

•• *""sin^/ * sin^/ * smd^a' 

Hence our equation becomes 

Xcos^i g Xcoagg Xco8gi _ 
sin ^1 sin ^ sin ^s "" ' 

or cot ^1 + cot ^8 = 2 <^o^ ^f 
The angles ^i, 02, 0at therefore, and in like manner all the 
following angles, are such that their cotangents form an arith- 

10 
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raetical progression. In this arithmetical progression it is evident 
that the terms must be decreasing, (siDce the angles increase, 
and therefore their cotangents diminish;) hence the terms will 
at length become negative, that is, the angle will be greater than 
a right angle, and these will correspond to the staings between 
the lowest weight and the point 0, 

The set of equations similar to (1) express that the horizontal 
tension of all the strings is the same ; a result which might have 
been anticipated. And this same thing is true of a chain or cord 
suspended from its two extremities, and so forming what is called 
a catenary; that is to say, the horizontal tension is the same at 
all points of the chain or cord. 

XLV. Two equal weights are suspended from two points in 
the same horizontal line, which are two feet apart, by means of 
three threads which are respectively 1, 1 and 2 feejb long; prove 
that the three acute angles which the threads make with the 
horizontal line are together equal to two right angles. 

XLVI. If in the preceding problem the connecting threads 
be each one foot long, determine the angles which tiiey make 
with the horizon, and their tensions. 

XLVII. Having alluded to the form assumed by a cord or 
chain suspended from its two extremities, it may be as well to 
make one or two more remarks upon the same subject. The 
form of the curve we shall not be able to investigate, without 
recourse to a higher portion of the pure mathematics than we 
suppose the student to have at his command ; nevertheless certain 
properties of the curve may be investigated without difficulty. 

Let A OB be a uniform cord, hanging from two points il^ in 
the same horizontal line; J) the 
middle point between A and B ; 
DO a vertical line. Then it is 
evident, that the portion AC of 
the cord on one rade of DO 
will be precisely similar to the 
portion DO on the other side, 
and will be the lowest point. 
Now how are we to apply our principles of equilibrium, which 
have been investigated for a pao'ticle and for a rigid body, to the 
case of a cord which is neither the one nor the other? The 
method adopted is as follows. 

Let P be any point in the cord, and let the length of 0P=», 
Then since the cord is at rest, it will not affect the equilibrium if 
we suppose the portion OP to beconpie rigid; suppose, for instance. 
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CP to be impregnated with some fiaid which solidifies, so that 
CP hangs like a wire with cords at its extremities. The rigid 
piece CP will be held in equilibriam by the vertical force of its 
own weight, which will be proportional to s and will act through 
Its centre of gravity, and by the tensions of the cord at C and P ; 
now these tensions will be in the directions of the tangents 7>f the 
curve at those points, therefore the tension at (7 will be evidently 
horizontal, and that at P will be in the directioh of EPy suppose. 
We have already explained that the horizontal tension will be 
the same at all points of the ccUenaryy therefore the tension at G 
which is wholly horizontal will be equal to this constant horizontal 
tension ; let c be the length of cord the weight of which would be 
equal to this tension; then as the we^ht of CP is to <, so is the 
tension at C to e. In like manner, denote the unknown tension 
at P by 4f where t is in fact the length of cord whose weight would 
produce Uiat tension. 

Now draw PF horizontal, that is, perpendicular to DCE. 
Then CP is kept in equilibrium by the three forces «, c, t which 
act in directions respectively parsdlel to FE, PFy EP \ therefore 
by the Triangle of Forces, 

' i \ c \ t \\ FE \ PF \ EP. 

IjiQiFEP^d, then 

-=pp=ooie (1) 

t EP 
and - = „„=cosec^, or^=c^4-«'...{2). 

c PF ' 

We cannot proceed any further in the solution ; but it will be 
seen that we have obtained two important results. 

For (1) gives us the law according to which the direction of 
the tangent of the catenary changes as we proceed from the lowest 
point ; and it will be interesting to notice how this result may be 
obtained from the corresponding equation in the investigation of 
the funicular polygon. 

Now we may regard a uniform cord as a series of equal weights 
connected by strings of indefinitely small length, and then the 
direction of the string joining any two weights will be the direction 
of the tangent at the corresponding point of the catenary. Let 
then the cord % be divided into any number (p) of equal parts ; then 

the weight of each portion will be measured by - . Now resuming 

It 

equations (1) and (2) of the funicular polygon (p. 145), we have 

risin^j=r2Sin^,=c^ 



Ti cog ^1 - Tg cos ^8 = - ; 



10—2 
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,\ c cot ^1 -ccot ^o=-, 

p 

1 * 
or, cot 0-, - cot ^g= - . -, 

1 « 
in like manner, cot 0^ - cot B^—-,-, 



and cot B„ - cot ^•fi= - . - ; 
*^ ^^ p c 

therefore, adding all these equations together, 

X /I 1 « « 

cot ^1 - cot 0^, —p X - . - = - . 
^^ '^ p c c 

But at the lowest point of the catenary ^,rfi = &0®, or 

cot^p+i = 0; and ^i is the angle which we have called-in the 

investigation of the catenary ; 

,'. cot ^;=- as before. 
c 

Again, equation (2) gives us the law according to which the 

tension of the cord in the catenary varies from point to point. 

This may be in like manner deduced from the equation (1) of 

the funicular polygon. 

XLYIII. The following is an example of the application of 
the preceding investigation. 

A chain of given weight is suspended from two equal vertical 
posts of given height, and the angle which the chain makes with 
either post at the point of suspension is observed. To find the 
moment of (he force which tends to overturn one of the posts. 

If h be the height of one of the posts, then, 
according to our previous notation, ch is the 
moment required. To determine c, we observe, 
that if TT be the whole weight of the chain, 
and a the angle whiph the chain makes with 
either post, then 

— cscot a, 
c 

.% c= TT tan a, 
and Wh tan a is the moment required. 

It may be remarked here, that although a cord may be 
stretched so as to be for all practical purposes horizontal, as in 
the case of a pianoforte string, yet it never can be so accurately. 
In the preceding investigation a cannot be 90^ unless either W= 
or 0=a>. 
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XLIX. Analogous to the prt>blein of ihe funicular polygon 
is that of the conditions of equilibrium of a system of beams, 
resting one upon another so as to form a kind of arch. The 
essential distinction between the two problems is, that in the case 
of the beams we have a series of equations of momenta, which 
do not occur in the other* P 

To simplify the problem we ■v-^«^C^..^r''^'\^ 

will suppose the beams to be all y^ yHv" ^^' 

equal and uniform, and that 'n/^'W >v 

there are an even number of ^^ / ^-X VB 

them. Then the arrangement ^j/l, \ 

will be such as is represented in yTW^ \ 

the figure. AX A 

Let us consider the forces which act. Upon each beam there 
will be the vertical force W, its weight, acting at its middle point. 
At each extremity of each beam there must be a force, which 
it will be convenient to consider as resolved into a horizontal and 
a vertical part ; this will be convenient, because it is evident 
that all the horizontal parts must be the same throughout the 
system, and we may therefore denote them by one common 

symbol X : let Fi, Ya, Fg, be the upward vertical pressures 

at the lower extremities of the Ist, 2nd, 3rd, beams respec- 
tively, reckoning from the lowest; and let ^i, 0a, O^t be the 

angles which the same make with the horizon. Also let there be 
2n beams, and let the length of each be a. 

Then the mechanical equations for the n beams on the left of 
the vertical through the highest point D will be as follows : 

riacos0,+ r/(co8 9i=2XaBin0i ) ^ ' 

T.-T»=W. » 

Yaa cos $2+ T^ cos d^-=2Xa sin 0^) 

Y,= W, ) . 

r;.ocos^,=2Zasin^, J ^ ^' 

It will be observed that there is no vertical pressure upon the 
upper end of the last or n*^ beam. Thus we have 2n equations 
involving 2w + l unknown quantities, viz. X, Fi, Ygf...Yn, 0^, 
€a,...0n. We must have one geometrical equation, which will 
result from the fact of the distance AA^ between the points of 
support of the system being given ; call it 2c, then we have 
ocos^i + aco8^j+... + aco8^=(? (»+l). 

We can proceed a little further in the solution of the problem. 
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We have r,= W, Yn^i - F-= IT; 

in like xnanner Tn^t^^W, and bo on. 
Lastly, 7^=znW. 
This resnlt might have been foreseen, since the point of 
support A bears the whole weight of the beams, that is, the vertical 
pressure upon it is nTT. 
Again, we have 

2Z tan ^1 = Ti + 7;=»W+ (n - 1) pr= (2n - 1)W, 
2Xtan ^s= Ta 4- 78= (» - l)Pf + (n - 2) Tr= (2n - 3)Tr, 



2Ztan^»= r»=pr; 



tan ^1 2n - 1 tan gg _ 2n - 3 . tanA-i__„ 

•'*tan^"2»-8' tan Ba" 2n - 5 * * tang- "" 

We cannot carty the solution any further, because of the 
immanageable character of the equation (n + 1). 

L. Three uniform beams rest upon abutments, as in the 
preceding problem. Write down the equations necessary for the 
solution of the problem. 

LL Let ABy BO, CD be the three beams; and let AB 
= BCf and AD= CD = 2AB; then if a circle be described through 
B and C and touching the horizontal line through B, it will pass 
through the point of intersection of AB, DC produced. 

LII. Two equal beams rest upon a smooth horizontal plane, 
bearing upon each other at their highest points and having their 
lower extremities connected by a string of given length ; find the 
tension of the string. 

In common roofs the lower extremities of the principal raftent 
are frequently connected by a beam called a tU^beam ; the result 
of the preceding problem will point out the use of the tie-beam, 
in preventing any spreading of the* walls in consequence of the 
outward pressure caused by the weight of the roof. 

LIII. Supposing the surfaces of the stones, or voussoirSj of an 
arch to be perfectly smooth, to determine the conditions of equi- 
librium. 





Let A BCD be the arch, composed of perfectly smooth stones, 
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which press against each other, and rest upon solid masonry at 
AB and CD, 

Consider the equilibriam of the first stone, or voussoir, 
ABB^A^, the weight of which call W\, which acts through the 
centre of gravity. Now the pressures of the voussoir upon the 
stone-work at ii^ will be equivalent to some one pressure JR acting 
at a point P perpendicularly to il^. Let the direction of this 
pressure meet that of Wiin 0; then the pressure between the 
first and second voussoirs must be a pressure JR^ passing through 
0: therefore if we draw OPi perpendicular to ^x-^i* ^^^^ will be 
the direction of Ei. In like manner we may determine the 
direction of the action between the second and third voussoirs, 
and so on. 

Let 00i9,...he the angles which AB, AiB^, A^B^^ ... make 
with the vertical. Then we shall have the following equations, 
jBcos^-i?icos^i = 0, I . 

jBsin^-i?i8in^i=TFiS ^ ^ 

jBi cos Oi - Ba cos 63= Of ) . . 

B^^indi-Rasinea^W^ ^ '* 

&c. &;c. 

The analogy of these equations to those of the funicular 
polygon will at once be noticed. 

We shall not pursue this investigation further, but wUl point 
out a simple geometrical construction by means of which we can 
determine, if the directions of the joints of the voussoirs be given, 
the relations of the weights, and vice versd, 

(1) Let the dh^ctions AB, AyB^y &c. ^ ^' ^' 
be given. 

Through any point X draw JTo, Xai, 
Xa^ ... parallel to AB^ A^Bi^ A2B2, ... and 
draw any horizontal line cutting the above 
lines in 5&i&s... respectively. Then the 
straight lines &61, 6163, ... will be pro- 
portional in length to the weights Wi W2. . . 
The student will easily supply the proof. 

(2) Let the weights Wi, TTg, Wa, ... be given. The direction 
of the face of the abutment ^ ^ is arbitrary, let it be ahX ; and 
through any point X in it, draw a straight line parallel to the 
face of the other abutment (not represented in the figure). 
Draw a horizontal line cutting these two, and divide the in- 
tercepted part in &,, h^t ... so that bh^, h^b^... shall be in the 
same proportion as Wi, W^i ... Join Xb^, Xb^, ... ; these will be 
the required directions of ^e joints. 
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The preceding investigation, though useful as an illustration 
of statical principles, is of no practical value 'in the construction 
of arches. For the hypothesis of the smoothness of the voussoirs 
is one which does not hold even approximately; the force of 
friction is necessarily great, and may.be made as large as we 
please. An arch constructed upon the preceding principles 
would stand; but with this peculiarity, that any additional 
pressure to any one of the voussoirs would cause that voussoir 
to sink and others to rise, until the line of presmre had ad- 
justed itself to the altered circumstances. But when the friction 
is such as to prevent the voussoirs from sliding ^ipon each other, 
the arch cannot give way except by breaking : and a little con- 




sideration will shew that it must break into at least three portions, 
and the fractures must be alternately in the extrados and intrados, 
or external and interual curve of the arch. The true theory of 
the arch therefore is much more nearly connected with that of 
the equilibrium of beams, than that of the theoretical problem of 
an arch built with smooth voussoirs. 

LIV. A string having its extremities fixed to the ends of an 
uniform rod, of weight TT, passes over four tacks, so as to form 
a regular hexagon ; the rod, which is horizontal, being one of the 
sides ; find the tension of the string and the vertical pressure on 
each tack. Shew also that the rod cannot hang in any other 
than a horizontal position. 

LY. If one of the highest tacks be removed, compare the 
vertical pressure upon the other highest tack with its value as 
obtained in the preceding problem. 

LVI. Still further ; of the three remaining tacks remove that 
which is furthest from the highest, and again calculate the 
vertical pressure upon the highest tack. 

LYII. A uniform beam rests with one end upon a given 
smooth inclined plane, and is supported upon a prop which is at 
a given distance from the inclined plane ; determine the limits 
between which the length of the beam must lie in order that equi- 
librium may be possible. 
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L VIII. If in the preceding problem the beam be too long for 

quiiibriimi to be possible, and instead of merely resting upon 

the inclined plane it be therefore attached at a given point by 

means of a hinge^ find the direction and magnitude of the strain 

upon the hinge. 

LIX. A ladder rests in a given position against a smooth 
wall with its foot upon a rough pavement ; determine the weight 
which must be placed at its foot to prevent it from sliding ; the 
coefficient of Miction for the ladder and the weight being both 
given. 

LX. An equilateral triangle of given weight is supported 
in a horizontal position by three equal threads ; the strength of 
the threads is such, that two of them would just support the 
triangle ; determine the greatest weight which can be placed upon 
the triangle without breaking the threads. 

LXI. A ladder rests against a wall; ^ven the weight of the 
ladder, the angle which it makes with the horizon, and the co- 
efficient of friction both for the ground and also for the wall; find 
how high a man of given weight can ascend without causing the 
ladder to slip. 

LXn. A uniform string hangs in equilibrium over two pegs 
(not in the same horizontal line), shew by general reasoning that 
the two extremities must be in the same horizontal Une. 

First suppose that we have four pegs A, £, C, £>, in the same 
vertical plane, of which A is vertically over C, and B vertically 
over D ; and let C and D be in the same horizontal line, but A 
and B not in the same horizontal line. Take an endless string, 
and suspend it upon these four pegs ; then it will arrange itself 
in some position of equilibrium, forming a festoon or catenary 
from A to Bf and another from Cio D; the catenary CD will be 
perfectly symmetrical with respect to C and D, and therefore will 
produce precisely the same tension at C as sA D: whatever 
horizontal tension there may be at O and J) will be counteracted 
by the pegs, and the vertical tension will be equivalent to two 
equal weights hung upon the strings A (7, and BD : these equal 
weights may be represented by two equal pieces of string CB, 
DP ; hence equilibrium will still subsist if we remove the pegs 
C and i>, and the catenary CD, and instead thereof add the 
equal lengths of string CE and DP, We have now the string 
EABP in equiUbrium upon the two pegs A, By with its ex- 
tremities in the same horizontal line; and conversely it is not 
difficult to shew, that the string cannot be in equilibrium unless 
its extremities are in the same horizontal line. 
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Suppose A and ^ to be in the same horizontal line, then it 
IB easy to calculate the length of AE and BF in order that there 
may be equilibrium. For we have already proved the general 
formula for the tension fi=t^ + c\ Hence if 2« be the whole 
length of the string we must have AE*=8* + c^. 

LXIIL A hemisphere is placed with its base in contact with 
a smooth wall, and it is moveable about a hinge at its lowest 
point ; a string fixed to a point in the wall vertically over the 
hinge carries a weight, which presses the string against the 
hemisphere, and so preserves equilibrium : find the smallest 
wdght which wiO answer the purpose. The distance of the point 
of attachment of the string from the hinge may be taken to be 
three times the radius. 

When the system is in equilibrium, the student will observe 
that the string may be supposed to be fastened to the hemisphere 
at the two extreme points of the arc of contact, and therefore the 
action of the string will be reduced to that of two forces at those 
two points, each equal to the suspended weight. 

LXrV. A sphere rests upon two inclined planes ; find the 
pressure sustained by each. 

LXV. A sphere rests upon a fixed horizontal plane : two 
equal rods, connected together at their higher ends by a hinge, 
rests symmetrically upon the sphere, their lower ends touching 
without pressing the horizontal plane. Find the inclination of 
either rod to the vertical 

LXYI. An isosceles right-angled triangle rests in a vertical 
plane with the right angle downwards, between two pegs at a 
distance a from each other in a horizontal line ; determine the 
positions of equilibrium. 

LXYIL If Ohe the centre of gravity of a triangle A ^C, 
three forces in the direction of and proportional to GA, OB, OC, 
will keep a particle at at rest. 

LXYIII. A hemisphere is supported by firiction with ite 
curved surface resting upon a horizontal and in contact with a 
vertical plane ; find the limiting position of equilibrium. 

LXIX. il^ is a rod capable of turning freely about ite 
extremity A, which is fixed, CD is another rod equal to 2 A B, 
and attached at its middle point to the extremity B of the former, 
so as to turn freely about this point ; a given force acte at O in 
the direction CA, find the force which must be applied at 2> in 
order to produce equilibrium. 



Problems. 155 

LXX. A uniform beam ib hung from a fixed point by two 
unequal strings of given lengths attached to its extremities : com- 
pare the tension of each string with the weight of the beam. 

LXXI. If a set of forces, acting at the angular points of a 
plane polygon be represented in magnitude and direction by the 
sides, taken in order, shew that the tendency to turn the body 
about an axis perpendicular to the plane of the polygon is the 
Hame through whatever point of the plane the axis passes. 

LXXII. A triangular board of given weight rests in equi- 
librium with its base on a horizontal plane sufficiently rough to 
prevent all sliding. A force acts upon it in its own plane and 
in a given line through the vertex and without the triangle; find 
the limits between which the magnitude of the force must lie if 
the equilibrium is preserved. 

LXXIIL Two equal circular disks with smooth edges, placed 
on their flat sides in the comer between two smooth vertical 
planes inclined at a given angle, touch each other in the line 
bisecting the angle. Find the radius of the least disk which 
may be pressed between them without causing them to separate. 

LXXIV. If two scales, one containing a weight P and the 
other a weight Q, be suspended by a string over a rough sphere, 

Qa - P^ 

and if Q be on the point of descending, then the weight — 5 — 

put into the opposite scale will make that scale to be on the point 
of descending. 

LXXY. A uniform and straight plank rests with its middle 
point upon a rough horizontal cylinder which is fixed, their 
directions being perpendicular to each other. Find the greatest 
weight that can be put upon one end of the plank without 
causing it to slide from the cylinder. 

LXXVI. A square rests with its plane perpendicular to a 
smooth wall, one comer being attached to a point in the wall by 
a string the length of which is equal to a side of the square : 
shew that the distances of three of its angular points from the 
wall are as 1, 8, and 4. 

LXXVII. A heavy equilateral triangle, hung up on a smooth 
peg by a string the ends of which are attached to two of its 
angular points rests with one of its sides vertical ; shew that the 
length of the string is double the altitude of the triangle. 

LXXVIII. One end of a beam, whose weight is TT, is placed 
on a smooth horizontal plane ; the other end, to which a string is 
fastened, rests upon another smooth plane, inclined to the horizon 
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at an angle (a) ; the string passing oyer a pully at the top ot the 
inclined plane hangs yertically, supporting a weight (P). Shew 
that the beam will rest in any position if a certain relation hold 
between P, W, and o. 

LXXIX. A cylinder, the base of which is in contact with a 
smooth vertical plane^ is supported by a string fastened to it at a 
point of its curved surface whose distance from the vertical plane 
is X, Shew that x must be intermediate in value to 6 - 2a tan 0, 
and b, where 26 is the altitude of the cylinder, a the radius of the 
base, and d the angle which the string makes with the verticaL 

LXXX. A flat board in the form of a square is supported 
upon two smooth props with its plane vertical; investigate an 
equation for determining its positions of equilibrium, the distance 
between the props being equal to half a side of tiie square. 

The equation required is cos $ -^ sin 9= cos (29 + a), where a is 
the angle which the straight Hne joining the props makes with 
the horizon, $ that which one side of the square makes with the 
same. 

LXXXI. A pack of cards is laid on a table ; each projects in 
the direction of the length of the pack beyond the one below it ; 
if each project as far as possible, prove that the distances between 
the extremities of the successive cards will form an harmonic 
progression* 

LXXXII. A uniform slender rod passes over the fixed point 
A and under the fixed point B, and is kept at rest by the firiction 
at the points A and B ; determine the limiting position of equi- 
librium, 

LXXXIII. Four uniform slender rods AB, BC, CD, DA^ 
rigidly connected, form the sides of a quadrilateral figure, such 
that the angle ^ is a right angle, and the points B, C, D are 
equidistant from each other ; when the whole is suspended at the 
angle ii, determine the position of equilibrium. 

LXXXIV. A uniform bent lever, the arms of which are at 
right angles to each other, is just capable of being inclosed in the 
interior of a smooth spherical surface ; determine the position of 
equilibrium. 

It will be seen that the plane of the lever must be vertical, 
so that the directions of the forces will all lie in one plane. 

LXXX V. Two unequal weights, connected by a straight rod 
without weight, are suspended by a thread of given length, 
fastened at the extremities of the rod, and passing over a fixed 
point ; determine the position of equilibrium. 
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LXXXVI. A piece of uDifomi wire is formed into a triangle ; 
find the distance of the centre of gravity of the periphery of the 
triangle from each of the sides ; and shew that if x, y, z he the 
three distances^ and r the radius of the inscribed circle, then 

4a5yz - r^(a; + y + z) = r*, 

LXXXYII. A uniform rod of length I is cut into three 
portions a, b^ c; and these are formed into a triangle. When the 
triangle is placed in unstable equilibrium, resting with its plane 
vertical, one of its angular points being supported upon a smooth 
horizontal plane, find the angles which the uppermost side makes 
with the horizon ; and shew that, if a, p, y, be the three angles 
corresponding to the several cases of a, b, e being the uppermost 
side, then 

({ + a)tana+(;+6)tan/3+({+c)tan7=0. 

LXXXVilT. A smooth body in the form of a sphere is divided 
into hemispheres and placed with the plane of division vertical 
upon a smooth horizontal plane ; a string loaded at its extremities 
with two equal weights hangs upon the sphere, passing over its 
highest point and cutting the plane of division at right angles; 
find the least weight which will preserve equilibrium. 
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reeled. Fcp. Sro. 2t, Qd. 

Principles and Practice of Arithmetical Algebra, 

with Examples. By the Ber. J. HIND. Third Edition, limo. 6t. 

Elements of Algebra. By the Bev. J. Hikd. Sixth 

Edition, roTlsed. 640 pp. 8to. 10t.6d, 

Treatise on the Theory of Algebraical Equations. 

By the Ber. J. HYMEBS, D.D. Third Edition. 8to. 10i.9d, 



TRIGONOMETRY. 
Elementary Trigonometry. By T. P. Hudson, 

M.A.,FeUow of Trinity GoUege. U.M, 

Elements of Plane and Spherical Trigonometry. 

By the Ber. J. HIND. Fifth Edition. 12mo. 6(. 

Syllabus of a Course of Lectures uppn Trigono- 
metry and the Application of Algebra to Geometry. ifQ. 7«. 6dL 
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USCHANICS AND H7DB0STATICS. 
Elementary Hydrostatics. By W. H. Besakt^ 

SLA, Late Follow of St John's College. Fcp.8va it. 



Elementary Hydrostatics for Junior Students. By 

R. POTTER, H. A late Fellow of QneeDS' College, Cambridge, ProfeBsor 
of Natuial PhikMopby and Astronomy in University College* London. 

The Propositions in Mechanics and Hydrostatics 

which are required for those who are not Candidates for Honours. By 
A C. BASBBTT, M.A Third Edition. Crown 8to. 6#. . 

Mechanical Euclid. Containing the Elements of 

Mechanics and Hydrostatics. By W. WHEWELL, D.I). Fifth Edi- 
tion. 5s, 

Elementary Statics. By the Very Eev. H. Goodwin, 

D.D. Dean of Ely. Fcp. 8to, cloth, 8#. 



Elementary Dynamics. By the Very Rev, H, 

QOODWIN, D.D. Dean of Ely. Fcp. 8to, cloth, (U. 

A Treatise on Statics. By the Bev. S, Eabnshaw, 

H.A. Fourth Edition. 8yo. lOf. 

Dynamics, or, a Treatise on Motion. By the Bev. 

S.EABNSHAW. Third Edition. 8to. lit, 

A Treatise on the Dynamics of a Bigid Body. By 

the Bey. W. N. GBIFFIN. 8to. 6t, 6d, • 

•«• SOLUTIONS OF THE EXAMPLES. Sro. «f. 



6 MATHEMATICAL TEXT BOOKS PUBUSHED BY 

Problems in illustration of the Principles of Theo- 
retical Mecbanict. By W. WALTON, H.A. Second Edition. 8to. 18«. 

Treatise on the Motion of a Single Particle and 

of two Fartldei acting on ODO another. By A SANDEHAlir. Sn. 9t.9d' 

Of Motion. An Elementary Treatise. By the Key. 

J. B. LUNN, M.A. Velloir and Lady Sadleir'k Lecturer of St John's 
College. Sto. 7«. 6(t 

Chapter L General prindplea of relodty and aeodnation. Chapter II. 
Of the motion of a point in generaL Analytical expreadoas for velo* 
cities and aooelerattons in certain directions. Chapter IIL Of the 
motion of a point affected by a constant acceleration, the direction 
of which is always the same. Cliapter IT. Of the motion of a point 
aflfected by an acceleration, the direction of widch always passes 
ttmragh a fixed point Chapter Y. Of matter and force. Cliiqpteryi. 
Of the dynamical laws <tf fone, commonly called the laws of motion. 
Chapter YIL Ofcertaincasesoffireemotion in nature. Chapter YIII. 
Of constrained motion of particles. Chapter IX. Of impnlses and 
colUtionofparttdes. Jpptndix, Of the Cydoid. 

Treatise on Hydrostatics and Hydrodynamics, By 

W. H. BESANT, HA 8m 0c 

The Principles of Hydrostatics. By T. Webster, 

H.A 8Y0. Teed. 

Problems in illustration of the Principles of Theo- 
retical Hydrostatics and Hydrodynamics. By W. WALTON, M.A. 
8to. lOf. 6d. 

Collection of Elementary Problems in Statics and 

Dynamics. Designed for Candidates for Honours, first three days. By 
W. WALTON, M.A 8to. lOr. 6(1. 



CONIC SECTIONS AND ANALTTICAL 

GEOMETRY. 

Elementary Geometrical Conic Sections. By W. H. 

BESANT, 1C.A., Late fellow of St John's College. IPrq^aring, 



I 



r 
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Conic Sections. Their principal Properties proved 

Geometrically. By W. WHEWELL, D.D. Master of Trinity. Third 
Edition. 8to. 2t. M, 



The Qeometrical Construction of a Conic Section. 

By the Ber. T. GASKIN. 8vo. 8#. 

Treatise on Conic Sections. By the Key. J. Htmers, 

D.D. Third Edition. Sto. r«. 

A Treatise on the Application of Analysis to Sob'd 

Geometry. By D. F. GBEGOBT, M.A. and W. WALTON, M.A 
Second Edition. 8vo. 12f. 

The Elements of Conic Sections. By J, D. 

HUSTLER, B.D. Fourth Edition. 8to. it, 60, 



A Treatise on Plane Co-ordinate Geometry. By 

the Bey. H. O'BBIEN. 8vo. 8f. 



A Treatise on Analytical Geometry of Thi*ee 

DlmenBions. By J. HTHEBS, D.D. Third Edition. 8to. IQs. 6d. 

Problems in illustration of the Principles of Plane 

Co-ordinate Geometry. By W. WALTON, M.A. 8vo. 16«. 



DIFFERENTIAL AND INTEGRAL CALCULUS. 

An Elementary Treatise on the Differential Calcu- 
lus. By W. H. MILLER, M. A. Third Edition. 8to. 6f. 

Treatise on the Differential Calculus. By "W, 

WALTON, M.A. 8to. lOf . 6d. 



8 MATHEMATICAL TEXT BOOKS PUBLISHED BY 
A Treatise on the Integral Calculus. By the Key. 

' J. HYMEBS, D.D. 8vo. lOt,^ 

Creometrical Illustrations of the Differential Calcu- 

Ini. By M. B. PELL. 8to. 2t. (U. 

Examples of the Principles of the Differential and 

Integral Calcoliu. Collected by I>. F. OBBGOBT. Second Edition. 
Edited by W. WALTON, H.A. 8to. 18#. 



ASTRONOMT. 
Practical and Spherical Astronomy for the use 

chiefly of Students In the UEdvenitiee. By fhe Rer. A. Maiv, M.A., 
Badcliffe Obaerrer, Oxford. 8vo. lit. 

Briinnow's Spherical Astronomy. Translated by 

the Bey. B. MAIN, M.A. F.B.S. Badcliffe Obeerrer. Part I. In- 
cluding the Cliapters on Parallax, Befraction, Aberration, Precesalon, 
and Nutation. 8vo. St. (id. 

Elementary Chapters on Astronomy from the 

"Astronomie Physique" of Blot By the Yezy Ber. HABYEY 
GOODWIN, D.D. Dean of Ely. 8to. 8«. 6d. 

"They were translated with a different intention, but the admirable 
precision and deamess of description which characterise them led 
me to think that the publication of them would make a useful addi- 
tion to our present list of elementary books."— 2Vaiwto<or'« Pr^ace. 

Elements of the Theory of Astronomy. By the 

Bey. J. HYMEBS, D.D. 8yo. 14#. 

Lectures on Practical Astronomy. By the Rev. J. 

CHALLIS, H.A., F.B.S., F.E.A.S., Plumian Professor of the Univer- 
■ity- iPreparing. 
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Exercises on Euclid and in Modem Geometr}', 

containing Applications of the Principles and Processes of Modern 
Pure Geometry. By J. McDOWELL, B. A, F.K.AB., Pembroke College, 
pp. rod, 800. Crown 8to. St. 6d. 

Elementary Course of Mathematics. By Harvey 

GOODWIN, D.D. Dean of Sly. fifth Edition. Sra I5t. 



Problems and Examples, adapted to the ^' Elemen- 
tary Course of Mathematics." By HARVEY GOODWIN, D.D. Dean 
of Ely. Third Edition, rerised, with Additional Examples in Conic Sec- 
tions and Newton. By THOMAS G. VYVYAN, M.A. FeUow of Oon- 
Tille and Caius College. 8to. 6i. 

Solutions of Goodwin's Collection of Problems and 

Examples. By W. W. HVTT, M. A. late Fellow of Oonville and Cains 
College. Thhrd Edition, revised and enlarged. By the Ber. T. G. 
VTVYAN, MJL. Sro. d#. 

Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c. with Answers and Occasional Hints. By the Bey. 
A. WBIGLEY. Sixth Edition. 8to. 8s. (id. 



A Companion to Wiigley's Collection of Examples 

and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PLATTS, Esq., and theBer. A. WRIGLEY, 
M.A. 8to. 15f. 

Newton's Principia. First Three Sections, with 

Appendix, and the Nhith and Eleventh Sections, By the Bev. J. U 
EVANS, M.A Fourth Edition. 8to. 69. 

Seiies of Figures Illustrative of Geometrical Optics. 

From SCHELLBACH. By the Bev. W. B. HOPKINS. Plates 
Folio. lOf. 6(1 



A Treatise on Crystallography. By W. H. Miller, 

M.A 8V0. li.9d. 
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A Tract on Crystallography, designed for Stu- 
dents in the UniTenity. By W. H. Milibb, M.A. Professor of Mine- 
ralogy in the University of Cambridge. 8to. 5s. 

Physical Optics, Part IL The Corpuscular Theory 

of Light discussed MathematicaUy. By BIGHABD POTTEB, M.A. 
Late Fellow of Queens' College, Cambridge, Professor of Natural Philo- 
sophy and Astronomy in University Ooll^;e, London. U. dd. 



The Greek Testament: with a critically revised 

Text ; a Digest of Various Beadings ; Marginal Beferences to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Com- 
mentary. For the use of Theological Students and Ministers. By 
HENBY ALFOBD, D.I>. Dean of Canterbury. 
VoLL Fifth Edition, containing the Four Gospels. V.St. 
VoL IL Fourth Editi^, containing the Acts of the Apostles, the 

Epistles to the Bomans and Corinthians. ll.At, 
VoL IIL Third Edition, containing the Epistles to the Galatians, 
Ephesians, Philippians, Colossians, Thessalonians,— to Timothcus, 
Titus and Philemon, lit. 
VoL IV. Part I. Second Edition, containing the Epistle to the He- 
brews, and the Catholic Epistle of St James and St Peter. 18t. 

VoL IV. Part II. Second Edition, containing the Epistles of St John 
and St Jude, and the Bevelatton. 14f . 

Codex Bezse Cantabrigiensis. Edited with Prole- 
gomena, Notes, and Facsimiles. By F. H. SCBIVENEB, M.A. SnuOl 
4to. 26f. 

Wieseier's Chronological Synopsis of the Four Gtos- 

k pels. Translated by the Ber. B. VBKABLBS, M.A. Sto. ISr. 

"This opportunity may properly be taken of especially recommending 
to every thoughtful stndrait this able treatise on the succession of 

events in the Gospel history . A translation of it would 

be a very welcome aid to the general reader."— £!p. EUieotFi Lcc 
tuTt* on the Life of our Lord. 

Bentleii Critica Sacra. 

Notes on the Greek and Latin Text of the New Testament, extracted 
from the Bentley MSS. in Trinity College Library. With the Abb6 
Bulotta's Collation of the Vatican MS., a spechnen of Bentley'k in- 
tended Edition, and an account of all his Collations. Edited, with 
the permission of the Master and Seniors, by tlie Bev. A. A. ELLIS, 
M.A., late Fellow ofTrlnity College, Cambridge. 8vo. Bt.6d, 
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A Companion to. the "New Testament. Designed 

for fhe use of Theological Btadents and the Upper Formt In Schools. 
By A. C. BABBETT, M.A. OaiuB OoUegoi Fcap. 8vo. 6i. 

A general Introduction to the Apostolic Epistles, 

With a Table of St Paul's. Trarels, and an Essay on the State after 
Death. Second EdUion, enlarged. To whidi are added a Few Words 
on the Athanasian Creed, on Justification by Faith, and on the Ninth 
and Seventeenth Articles of the Church of England. By A BISHOP'S 
CHAPLAIN. 8to. 8«. Sd. 

Butler's Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by W. WHEWELL, D.D. With a 
Preface and a Syllabus of the Work. Third Edition. Fcp. 8to. Zi. 6ci. 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By W. O. HUHPHBT, B.D. Third 
and Cheaper Edition, reTiBed and enlarged. Fcap. Sro. 4f. 8(1. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidates 
for fhe Ordinary B.A. Degree, Students for Holy Orders, &c., with 
College and Senate*House Examination Papers. By the Bev. T. R. 
MASKEW, H.A. Second Edition, enlarged. 12mo. bt. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Bight Reverend Father in God, J. PEARSON, D.D. late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of BiBh(H>'s College, Cal- 
cutta. By W. U. MILL, D.D. Third Edition, revised and oonected. 
8to. 6#. 

Hints for some Improvements in the Authorised 

Version of the New Testament By the late J. SCHOLEFIELD, M.A. 
Fourth Edition. Fcap. 8to. i». 

A Plain Introduction to the Criticism of the New 

Testament. With 40 facshniles from Ancient Manuscripts. For the use 
of BibUcal Students. By F. H. SCRIVENER, M.A. Trinity College, 
Cambridge. Sro. 16ft 

The Apology of TertuUian. With English Notes 

and a Preiiftce, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A. WOODHAM, LL.D. Second 
Bditton. 8to. 8#. (kl. 
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-^schylua. Translated into English Prose, by 

F. A. PALET, H.A. Editor of the Greek Text. 8to. U. 9d. 

Aristophanis Comcedise TJndecim, cum Notis et 

Onomastico, by the Bey. Hi A. Holdbh, LL.D., Head-Master of 
Ipswich School, late Fellow and Aalstant Tator of Trini^ College, 
Cambridge. Second Edition. Syo. Ut. 

The Plays separately. It. and It. 6cl. each. 

Notes, 4f. 

Demosthenes, the Oration against the Law of Lep- 

tines, with English Notes, and a. Translation of Wolfe's Prolegomena. 
Edited by B. W. BEATSON, H. A Fellow of Pembroke College, Cam- 
bridge. Second Edition. Small 8to. 9t. 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By B. SHILLETO, A.M. 8to. 9t.9d. 

Demosthenes. Select Private Orations o£ After 

the text of DINDOBF, with the Various Readings of BEISKB and 
BEKKEB. With English Notes. For the use of Schools. By 0. T. 
PENB0SE,A.H. Second Edition. Bevised and ooiTected. 12mo. ir. 

Euripides. Fabulse Quatuor, scilicet, Hippolytns 

Coronifer, Aloestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac Teterum Editionum emendavit et Annotationibns 
faistruzit J. H. MONK, S.T.P. Editionova. 8vo. 12«. 
Separatav—BipvoljtttB, 8to, cloth, St. ; Aloestis, 8to, sewed, it. 6d, 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the Bey. H. A. J. MVNBO, H.A. Fellow 
of Trinity College, Cambridge. 2 Vols. Svo. Sir. 

Plato. The Crorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Argument By 
E. M. COPE, M. A. Fellow of Trinity College, Cambridge. 8vo. 7t. 

Plato, The Protagoras. The Greek Text, with 

English Notes. By W. WAYTE. M.A. Syo. 6#. (kf. 

Plautus. Aulularia. Ad fidem Codicum qui in 

BibUotheca Musei Britannid exstant aliorumque nonnullorum re- 
censuit, Notisque et Glossario locuplete instroxit J. HILDYABD, A.M. 
Editio altera. 8to. 7«. (M. 
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Plautus. MenseclimeL Ad fidem Codicum qui 

in Bibllotheca MuBei ^Britannici ezstant alioromque nonnullorum 
reoensutt, Notisque et Gloosario locuplete instrozit J. HILDYABD, 
A.M. £ditio altera. 7i.6d. 

Propertius. The Elegies o£ With English Notes, 

and a Preface on the State of Latin Sdiolarsliip. By F. A. PALSY, 

M. A. With copious Indices. lOt. 6d, 

Sophocles. The CEdipus Coloneus of, with Notes, 

intended piindpally to explain and defend the Text of the manu- 
Bcripts as opposed to coi^'ectuial emendations. By the Bey. 0. E. 
PALMEB, M.A. 9i, 

Tacitus (C). Opera, ad Codices antiquissimos 

exacta et emendata, Commentario critico et exegetico illustrata. 4 vols. 
8to. ISdidit F. &ITTEB, ProC Bonnensis. Beduoed to 14f. 

Theocritus, recensuit brevi commentario instruxit 

F. A. PALEY, M.A. Crown 8yo. it. Qd, 

Passages in Prose and Verse from English Authors 

for translation into Greeic and Latin ; together with selected Passages 
from Greek and Latin Authors for Translation into English: forming 
a regular course of Exercises In Classical Composition. By H. 
ALFOBD, D.B. Sro. Of. 

Arundines Cami : sive Musarum Cantabrigiensium 

Lusus Canori. CoUegit atque ed. H. PBUBY, A.M. Editio quinta. 
Cr. 8to. 7«* 6d. 

A Complete Greek Grammar. For the use of 

Students. By the late J. W. DONALDSON, D.D. Third Edition, 
considerably enlarged. Sto. 16t. 
Without being formally based on any German' Work, it has been writ* 

ten with constant reference to tlie latest and most esteemed of Greek 

Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Second Edition, 
considerably enlarged. Syo. lU. 

The enlarged Edition of the Latin Grammar has been prepared with 
the same object as the ccnresponding work on the Greek language. 
It is, howerer, especially detdgned to serve as a convenient hand- 
book tar those students who wish to acquire the liabit of writing 
Latin ; and with this view it is fUmished with an Antibarbarus, with 
a full discussion of tlie most important synonyms, and with a variety 
of information not generally contained in works of this deacripticHa. 
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Varronianus. A Critical and Historical Introduc- 
tion to the Ifithnography of Ancient Italy, and to the PhUolo^cal Stady 
of the Latin Language. By the late J. W. P0NALD80N, D.D. 
Third Edition, reviled and considerably enlarged. 8vo. 16#. 



The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama : with Tarions Supplements. 
By the late J. W. DONALDSON, D.D. SeoeiUh Ediiim, reriaed, 
enlarged, and in part remodelled, with numeroua Ulttrtrations from 
the best ancient authoritiea. Sro. 1U» 



Classical Scholarship and Classical Learning con- 

ridered with espedai reference to CompetitiTe Tests and Univerrity 
Teaching. A Practical Bnay on Liberal Education. By the late J. W. 
DONALDSON, D.D. Grown 8to. 6f. 

Foliorum Silyula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Bev. H. A. HOLDEN, LL.D., Head Master of Queen 
Elizabeth School, Ipswich. Late Fellow of Trinity Collie, CambridgOL 
Third Edition. PostSyo. 7«. 64. 



Foliorum Silvula. Part II. Being Select Passages 

for Translatitm into Latin Lyric and Comic lamUc Verse. Arranged 
and edited by the Ber. H. A. HOLDEN, LL.D. Thud Edition. 
PostSro. 5#. 



Poliorum Silvnla. Part III. Being Select Passages 

for Translation Into Greek Verse. Edited with Notes by the Ber. H. A. 
HOLDEN, LL.D. Third Edition. PoetSvo. 8f. 



Polia Silvnlse, Latine et Greece reddita, curante 

H. A. HOLDEN, LL.D. GoIL Trin. Cant, hand ita pridem socio Schols 
regise Gipporicensto Magistio inf ormatora. 



Foliorum Centuriie. Being Select Passages for 

Translation into Latin and Greek Prose. Arranged and edited hf 
the BeT. H. A. HOLDEN, LL.D. Third Edition. Pott 8to. Br. 
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Kennedy (Rev. Dr). Progressive Exercises in Greek 

Tragic Senarii, followed by a Selection from the Greek Verses of 
Shrewsbury School, and prefaced by a short Account of the Iambic 
Metre and Style of Greek Tragedy. For the use of Schools and Private 
Students. Second Edition, altered and revised. 8vo. 9t. 

Cambridge Examination Papers. Being a Supple- 
ment to the Cambridge University Calendar, 1859. 12mo. 6s. 

Containing those set for the Tyrwhitt's Hebrew Scholarships.— Theo- 
logical Examinations.— Cams Prize.— Crosse Scholarships.— Mathe- 
matical Tripos.— The Ordinary B.A. Degree.— Smith's Prize.— Uni- 
versity Scholarships.— Classical Tripos.— Moral Sciences Tripos.— 
Chancellor's Legal Medals.— Chancellor's Medals.— Bell's Scholar- 
ships. — ^Natural Sciences Tripos. — Previous Examination. — Theological 
Examination. With Lists of Ordinary Degrees, and of those who have 
passed the Previous and Theological Examinations. 

The Examination Papers qflS66, price 2s. M., 1857 and B, 8r. 6d. each, 

map still be had. 

A Manual of the Roman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By 0. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court 8vo. 12«. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late FeUow of Trinity College, Cambridge. 
Edited by WILLIAM WALTON, M.A. Trinity CoUege, with a 
Biographical Memoir by the Very Reverend HAEVEY GOODWIN, 
D.D. Dean of Ely. 8vo. 16s. 

Lectures on the History of Moral Philosophy in 

England. By the Rev. W. WHEWELL, D.D. Master of Trinity Col- 
lege, Cambridge. New and Improved Edition, with Additional Lec- 
tures. Crown 8vo. 8s. 

The Addttiandl Lectures are printed separateljf in Octavo for (he eontfO' 
nienee (if thou teho have purchased ihe/ormer Edition. Price Us. 9d, 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADT EL BARRANT. By W. J. BEA- 
MONT, M.A. Fellow of Trinity College, Cambridge, and Incumbent of 
St Michael's, Cambridge, sometime Principal of the English College* 
Jemialcin. Price T& 



2^ow ready, fcap, 8t;o. price 58, 6d. 

€i)t ^tulitttt's eniHt to tl)e ©nibersfitg 

of Cambrftige^ 

®ontent${. 

Iktrodvotion, by J. B. Seelet, M.A. 
On University Expenses, by the Rev. H. Latham, MA. 
On the Choice op a College, by J. R. Seeley, M.A. 
On the Course op Reading for the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course of Reading for the Mathematical 

Tripos, by the Rev. W. M. Campion, B.D. 
On the Course op Reading for the Moral Sciences 

Tripos, by the Rev. J. B. Mayor, M.A. 
On the Course of Reading for the Natural Sciences 

Tripos, by Professor Liveing, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological ExAMiNATiONS,by Professor E. Harold 

Browne, B.D. 
Examinations for the Civil Service op Ikdia, by the 

Rev. H. Latham, M.A. 
Local Examinations of the University, by H. J. 

RoBY, M.A. 
Diplomatic Service. 
Detailed Account of the Several Colleges. 

'^ Partly with the view of assisting parents, gnardians, 
schoohnasters, and students intending to enter their names at 
the University — partly also for the benefit of undergraduates 
themselves — a very complete, though concise, volume has just 
been issued, which leaves little or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but complete, intro- 
duction.*' — Saturday Review, 
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